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PREFACE 


Some readers may be surpriHcd or even disturbed at the mix- 
lure of profilcms assembled in this book. These problems 
HX'tuivIly extend from eleotrieal enRineennR to elfs-tromagnetismv 
andAvavp nuM’hiinie.s of the spinning electron, but the link con- 
necting this variety of prolilems will soon be discovered in their 
common mathematical background 

Waves always behave in asiniilur way. whether they are longi- 
tudinal or transverse, elastic or elwtnc Scientists of the last 
century always kepi this idea in mind When Lord Ktdcin 
built up liis iikhIcI. for a dis|M‘rsi\e nHslium or when Lord Ray- 
leigh diwovercal radiation i>n*s.sun* tiiei ne\er failc'd to tr>' the 
siune metlKsIs again and again on all (onceivahle types of waves. 
This genend jiliilosopliy of wa\e propagation, forgotten for a 
time, has Iksui stroiiglv n'\i\«-d in the last decade and represents 
the backbone of tins luKik 

All problems discusMsi deal with periodic structuri's of \arious 
kinds, and thcc all lead to similar n'sults the.-e "tnicture.s. l)e 
they elei tnc lines or <T\stal lattice" Ixdiace like band-pass filters 
If energy di.vsipatioii is omittisl. there i" a shar]* distinction 
lietwivn frei|uciicv bands exhibiting wa\e propagation without 
attenuation ipiL-^siiig baiuls) and tluxsi* showing attenuation and 
no propagation (sttipping band.sl Tlu>sr general properties are 
defiinal for an inlinite unboundtal iiksIuiiii. but they IxMir a very' 
close* relation to ttihrliir njltcltou^ shown by a bounded medium 
A wave striking from outside may Ik* partly reflewtexi from the 
Hiirfiwe, if the wK'ond medium is able to trarisniit the correspond- 
ing freejuency. The amount of reflection dejx'ud" upon how well 
the media are matched at their common boundary Rut when 
the fixHjuency falls in-side a stopping band of the reflecting 
medium, there is no longer any matching problem; the wave can- 
not lx‘ transmitted, and hence it must lie totally n'flos'tcxl This 
same explanation ajiplii's to electric filters, rest niys, anomalous 
optical reflections, and sek'ctivc reflection of X niy.s or cU'ctrons 
from a crystal, In the case of rest rays, the theon' w as developed 

Ml 
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by M. Bom and his school; for X rays, it corresponds to Bragg's 
reflections and P. P. Ewald’s now classical investigations summa- 
rized in his book “Knstalle und Roentgen Stralilen" (Sfinnger, 
1923), and a paper in the /I finales dc rinsttliU Poiiicari (vol 7, p. 
79, 1938). Many practical examples of electric fillers may be 
found in the treatises of K. S. Johnson and T E. Shea, in the 
eollec'tion of books from the Bell Telephone Laboratories (van 
Nostrand). The general connection lietwcTn stopimig bands and 
selective reflection is exemplilKHl in the definition of the zones for a 
crystal lattice, a theorj' first deveh)|M‘<l by theauthoriii hisoriginal 
papers and in a book “Quanten.stati.stik” (.Springer, 1931) A 
general discussion of the zone theorv i.s found in the pn‘sent book 
and will serve as an intnxliietion to Mott and .lone.s, ‘‘Theory of 
Metals and Mloys” (Oxford, 193(1), and to F Seitz’s “The 
Modern Theoiy of Solids” (McO raw -Hill, 1940), where the 
theory is applied to many iiraetical discussion**, 

Apart from physical and engineering problem.s, the general 
theory' develoixvl in this book Ix'urs a i lose connei (ion w iih many 
problems of applied mathematic.s. such us the .Mathieu fiiiu tiuus 
and Mathieu's and Hill’.s equations 

The author discu.'vsed the.se general problems in his lectures at 
the C’oll&ge de France (1937-19.38) and at the FniverMly of Wis- 
consin (1942), when Mary Hewlett I’avne v(*ry kindly |)ropos<*d 
to AMite down her notes and to prepare them fur publication 
(’ircumstanccb resulted in great deluvs Isdore this could l>e com- 
pleted, and the author’s present duties would never have per- 
mitted him to undertake sucli a work if Mrs Payne had not 
made a really excellent record of his lectures, so that \er\ few 
correctiotLs and arlditions were necessary on her manuscniit 
I^et her find here the author’s very Itest thanks for her valuabh* 
collaboration 

L£.on Buii.i.OfiN 

New Youk, N Y , 

January, lil4G 
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. WAVE PROPAGATION 
IN PERIODIC STRUCTURES 


CHAPTER I 

ELASTIC WAVES IN A ONE-DIMENSIONAL LATTICE OF 
POINT MASSES: EARLY WORK AND INTRODUCTION 

1. Historical Background; Eighteenth Century 

'I'lic firHt work on a one-<iimensional lattice Ma.« that of 

Newton’ in his attempt to ilenve a formula for the velocity of 
sound Newton assumed that sound was propagated m air in 
the humc manner m which an elaatic wave would be propagateii 
along a lattice of point masses. He assumed the simplest possi- 
ble such lattici*, m , one consisting of equal maases spaced 


m m iw m m 



ELASTIC CONSTANT = e 
Kiu I I. 


equally along tin* direction of projiagation (Fig 1 1) Neigh- 
Imruig masses were a.ssum«>d to attract one another with an 
clastic force with constant c 'I'aking ni to l>e the mass of each 
of the iiartK'les and d to lie the di-'^taiici’ Indwwn neighboring 
l)arlicli*s in the state of equilibrium. Neviton obtained for the 
velocity r of propagation of an elastic wave 

= \'7 ^ 

To compare this result with the exix^nmental value of the velocity 
of .sound in air, Newton took p to l)e the density of air and ed to 
lie the isothermal bulk miKlulus of air. The theoretical value 
thus comimted was smaller than the expenmental value. In 
1S22 I.aplait' pointi>d out that the ex}mnsion.s and condensations 

' Nkwton, “Prineipio," Book II, 1686. 
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associated with sound waves take place adiabatically and that, 
therefore, the adiabatic elastic constant should be used instead 
of the isothermal A computation using the adiabatic constant 
in Newton’s formula gave excellent agreement with experiment 
It should be mentioned that Newton’s formula holds only for 
w'ave lengths large compared with d 

The reason w'hy Newton considered the one-dimensional lattice 
of Fig 1 1 was that at that time a continuous structure repre- 
sented an insoluble problem, and nothing was known about 
partial differential equations Hence, a model had to be chosen 
that would lead to a number of simultaneous equations of motion 
of the usual type 

The work on one-dimensional lattices was contmued in a senes 
of letters, starting in 1727, between John Bernoulli m Basel and 
his son Daniel in St Petersburg at that time They show ed that 
£C system wnth n point masses has n independent modes of vibra- 
tion, le , n propel frequencies Later (1753), Daniel Bernoulli 
formulated the principle of supei position, which states that the 
general motion of a vibrating system is given by a superposition 
of its proper vibrations Thxs investigation may be said to form 
the beginning of theoretical physics as distinct from mechanics, 
in the sense that it is the first attempt to formulate laws for the 
motion of a system of particles rather than for that of a single 
particle The principle of superposition is important, as it is a 
special case of a Fouiiei series, and in tune it was extended to 
become a statement of Fourier’s theorem 

The law's of vibrating strings were first discos eicd empiiically, 
and in 1713 Taylor started a theoretical investigation Euler’s 
treatment of the continuous string by means of partial differential 
equations (1748) w as much more complete He took the string 
to be along the x axis and to be vibrating in some plane perpen- 
dicular to this axis The result he obtained was that the dis- 
placement of the string was given by an arbitrary function of 
{x + vt), where v is the velocity of propagation of the w’ave and t 
is the time, provided that the function satisfied certain continuity 
conditions Euler’s result started a controversy lasting until 
1807 If one takes Euler’s result and the principle of superposi- 
tion together, one must conclude that any arbitrary function of 
(x + vt) may be desenbed by a superposition of sine and cosine 
functions, since it is well knowm that the proper vibrations of a 
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string are given by sine and cosine functions This is, of course, 
merely a statement of Fourier's theorem, but Fourier’s theorem 
was not proved until 1807, and to Euler’s mind the theorem was 
almost an absurdity Since he could not doubt the vahdity of 
his solution to the problem of the vibrating continuous stnng, 
Euler refused to accept the principle of superposition 

The Bemoulhs had given the problem of the one-dimensiOnal 
lattice of point masses a fairly complete treatment Euler had 
solved the problem of the vibrating continuous stnng The task 
of treating the continuous string as a limiting case of the one- 
dimensional lattice of point masses still remained This problem 
nas solved by Lagrange in 1759 

Lagrange followed Euler m refusing to accept the pnnciple of 
superposition This is very strange, since Lagrange’s paper 
practically contains the principle of the Fouriei senes A num- 
ber of examples of trigonometric senes were already known 
at the time, but it was not believed that such expansions could 
be used to repicsent any arbitrary function In a paper on 
celestial mechanics, Clairaut (1754) actually had the proof, 
but It remained unnoticed, and it was left for Founer to give 
the general statement and to emphasize its great practical and 
theoictical importance 

All this work at the end of the eighteenth century is most 
inteicsting since it cleaicd the way for a number of modem 
problems in theoretical physics as well as for pure mathematics 
Piopei functions, pioper values, fiist discovered in connection 
with inoper vibiations of stiings, plates, etc 

Founer expansion, exiiansion in senes of propei functions 
I’aitial dilTeicntial equations 
Wave propagation 

Atomic theoiy of solids and crystal structure 
Lagrange’s paper was often quoted by the famous electncal 
engineer Pupin, who discoveied in Lagrange’s theory the solu- 
tion of an important pioblem of electncal engineering, the 
loaded cable 

2. Histoncal Background; Nineteenth Century. Cauchy, 
Baden-Powell, and Kelvm 

In 1830, Cauchy used Newton’s model in an attempt to 
account for disperaion of optical waves Cauchy assumed that 
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light waves were just elastic waves of very high frequency He 
obtained the result that for waves with wave length large com- 
pared with the distances between the point masses in the one- 
dimensional lattice, the velocity was independent of wave length 
For shorter wave lengths and hence for higher frequencies, how- 
ever, he showed that the velocity of propagation was a function 
of wave length The result is correct for elastic waves, however, 
it did not agree quantitatively with values obtained experi- 
mentally for light waves 

rn m fn m m m 

INTERACTION BETWEEN NEIGHBORING PARTICLES 
Fio 2 1 



In 1841, Baden-Pow ell computed the \eli>tity of a wave propa- 
gating along one axis of a cubic lattice structure as a function of 
wave length This is equivalent to considering a wav'e propa- 
gating along a one-dimensional lattice of point masses Baden- 
Powell’s lattice consisted of point masses of mass m spaced along 
a straight line at distance d from one another (see Fig 2 1) 
Then he assumed each mass to be elastically bound to each of 
its neighbors with the restoring force the same for all masses 
His equation for the propagation velocity V of the w'ave as a 
function of wave length is 


y ^ 

” xd/X 


(2 1 ) 


where X is the wave length and is the velocity for infinite wave 
length The curve of V plotted against reciprocal wave length 
18 shown in Fig 2 2. It is evident that if velocity is a function 
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of wave length, the frequency must also be a function of the 
wave length. However, Baden-Powell neglected to consider 
the frequency as a function of the wave length and thus missed 
a very important point The curve of velocity as a function of 
reciprocal wave length appears to be -perfectly normal at the 
point X = 2d, not so, however, for the frequency vs reciprocal- 
wave-length curve This point was noted by Kelvin, who gave 
a detailed discussion in 1881 ' 

Kelvin assumed the same lattice that Raden-Powell treated 
(see Fig 2 3) Let us number the particles in such a way that 



1 IG 2 3 


the X coordinate of the nth particle in its equilibrium position is 
gi\ en by 

In = nd (2 2) 

In a sine wave, we obtain for i/„, the displacement of the nth 
particle, 

y„ — A cos 2ir{n( — ax) ~ ,l cos 27r(i'/ — and) (2 3) 

where v is the freiiuencN , a the wa^e number oi reciprocal wave 
length, .-1 an arlntraiy constant, and t tlie time Now in Eq 
(2 3) we may replace a by 

a' = a ± ^ in an integer (2 4) 

without changing the value of the displacement This means 
that V must be a pei iodic function of a with period 1/d 

Now the phase v'elocity V, with which the waves propagate, 
is given by 



Therefore, if w'e draw- a curve of i’ = v{a) as a function of a, the 
phase velocity for a given wave length will be given by the slope 
of the line drawn from the origin to the pomt on the v(a) curve 
corresponding to the given wave length The function y{a) may 
1 “Popular Lectures,” vol 1, p 185 
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be calculated and turns out to be 


v{d) = B |sin itad\ 


(2 6 ) 


where 5 is a constant that is a function of the constants of the 
lattice From Eq (2 6) we see that 


V = 


>(a) 


= B 


sin rad\ _ „ |sin xodl 
a I “ [irad[ 


(2 7) 


in agreement wnth Baden- Pow ell’s equation (2 1), if we take 


V^ = TdB (2 8) 

From Eq (2 C) we see that p(a) is a straight line for small valui's 
of a, 1 c , for large values of wave length This means that the 



(a) 



Fig 2 4 — Frequency p a£ a function of a = 1/X for the row of particles shown 

on I ig 2 1 

velocity of propagation should be constant for large wave 
lengths, in agreement with the earlier calculations 

The curve of p vs a is shown in Fig 2 4o The periodicity of 
V as a function of a means that for a given frequency the wave 
length IS not completely determined In fact, any a' , where a' 
18 defined by Eq (2 4), will give the same v The ambiguity in 
wave length tesults in an ambiguity in the direction of propaga- 
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tion — an uncertainty both in magnitude and m direction This 
IS easily seen by referring to Eq (2 7) 

The physical meaning of the ambiguity m wave length may be 
seen from Fig 2 5 The solid circles give the equihbnum posi- 
tions of the point masses and the open circles the displaced posi- 
tions at some instant Through the displaced positions are 
drawn three possible sine waves All three waves give equally 
good descriptions of the motion, as far as observation of the 



points IS conccmed The «^uhd line gues the wave form for the 
only value of a such that 


< 


2d 


s a s 


< _ 


2d 


(2 9) 


C'hanging a by \/d will take a out of this interval, as is immedi- 
ately obvious The dashed curve corresponds to a -f (1/d), and 
the dotted curve to a — (l/d) A glance at the diagram shows 
that the solid and the dashed cur\ es must propagate in the same 
direction for a given motion of the particles, and the dotted curve 
propagates m the opposite direction 

From now on, we shall adopt the convention expressed by 
Eq (2 9) All amhiguity in wave length and direction of motion 
is lemoved if we restrict a to this intcn'al, except in the two 
special cases where 

a = ± (2 10) 


We shall discuss these special cases shortly' The convention is 
not so aibitraiy as might appear at hist sight It allows any 
wave length such that 

ac ^ X ^ 2d (2 11) 

to have either diiection of propagation, and excludes only wave 
lengths that he in the interval 


0 ^ X S 2d 


(2 12 ) 
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If we had a continuous structure so that the motion of all pomts 
lying on a straight line could be observed, the wave lengths 
included in the interval (2 11) would be the only ones observed, 
since m this case d = 0 Thus there will be no inconsistency in 
what we mean by wave length w'hen we go from a continuous to a 



F]a 2 6 — The limit X = 2d 
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discontinuous structure, and vice versa Furthermore, the 
allowed interval contams a complete period of v{a), so that none 
of the frequencies that can be propagated are omitted 

The special case noted in Eq (2 10) is shown in Fig 2 6 
Here there is no way of distinguishing between the two possible 
wave numbera allowed by our convention, or between the two 
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possible directions of propagation In fact, the wave might even 
be considered as a standing wave, i e , & superposition of the two 
allowed wave numbers The wave length is, of course, in both 
cases 2d 

Engineers frequently find it 

convenient to use other curves iVT 

giving essentially the same inf or- 

mation as our vs a curve The 

one of greatest interest is the at- y 

tenuationcurve (Fig 2 7a) The 

solid part of the curv'e IS our vs 2 9— An^e^ample given by 

a curve rotated through 90 deg 

The dotted, or j9, part gives the attenuation for frequencies 
higher than those that may be propagated The attenuation 
IV ill be discussed in detail in a later chapter A lattice such as 
this, which allows propagation of all frequencies up to a maxi- 







Fig 2 9 — Other examples pven 
by Lord Kelvin The lower yibra- 
tioTi concspoiids to the limit \ = '2d 


Fio 2 10 — Attenuation of the 
^ ave for a frequency above cutoff 
(Lord Kelvin) 


mum, or critical, frequency Vc and damps all others, is called a 
low-pass filter, i c , it will pass low frequencies and stop higher 
frequencies Figures 2 lb and 2 7c give V, the phase velocity, 
and li, the index of refraction or reciprocal of phase velocity, as 
functions of frequency Both curv'es terminate at the cntical 
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frequency, as phase velocity is not defined for attenuated waves 
The curves shown in Figs 2 7a, b, and c are very useful for some 
practical purposes However, in general, we shall find the v vs 
a curve (Fig 2 46) most useful for our analytical discussions 
Lord Kelvin’s discussion is of great significance, since it con- 
tains the discovery of the cutoff frequency Figures 2 8 to 2 1 1 
are reproductions of Kelvin’s original drawings and show the vaii- 
ation of wave velocity as a function of A’ = X/d, the number of 
atoms per wave length Modes of vibration are shown for large 
N and for N = 2 (cutoff), together with the attenuated wave 
corresponding to a frequency above cutoff All this shows how 
clearly Kelvin understood the problem 


N 

W 

2 

63,64 

4 

90,03 

8 

97,45 

12 

98,86 

16 

99,36 

20 

99,. 59 

00 

100 00 


1 lo 2 II 


The paper was often overlooked, since its title, “The Size of 
Atoms,’’ did not imply any discussion of wave propagation The 
connection is found in Cauchy’s theory of dispersion The curve 
in Fig 2 2 shows that a material change in the wave velocity can 
be expected only if the wave length is just larger than 2c/ Hence, 
Cauchy’s theory leads to the conclusion that interatomic dis- 
tances should be just smaller than X/2, giving a distance d of 
about 2,000 angstroms This, however, sounded impossible 
smce there was, at Kelvin’s time, plenty of experimental evidence 
that interatomic distances could not amount to more than a few 
angstrom units The thickness of oil films on water, for instance, 
had been measured and was quite w'ell known 

Kelvin’s conception of the molecular structure of matter may 
be illustrated by the following quotation 


I believe that by imagining each molecule to be loaded in a certain 
definite way by elastic connection with heavier matter we shall 
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have a rude mechanical explanation for refractive dispersion 
It IS not seventeen hours since I saw the possibility of this explanation * 
This was a remarkable guess, which led Kelvin to the discovery 
of the modem refraction formula, usually known as the Lorentz 
formula 

3. Later Work on Models Similar to That Treated in Sec. 2 

After analyzing Baden-Pow ell’s work and discussmg the cntical 
wave length and frequency, Kelvin proceeded to devise a theory 

M M M M M M 

— e © © © © © — 
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Fia 3 1 — Kelvin's model for optical diuperaion 

of dispersion based on a more complicated lattice than Baden- 
Poii ell’s He used the lattice shown in Fig 3 1 Each of the 
masses in this model is supposed to have a small mass associated 
w ith it The large masses are taken to have mass M and are the 
large circles in Fig 3 1 , « hile the small masses ha\'e mass m and 
are represented by dots Each of the large masses interacts with 
the nearest large masses and with the small mass associated with 
it, so that there are two elastic con- 
stants in the system Intioducing 
two masses effect i\el> doubles the 
number of degrees of freedom of the 
system, and hence one w ould expect 
to find tw ice as many proper vibra- 
tions as if there w ere only one mass 
The curl e of c vs a is shown in Fig 
3 2 The curve is restricted to val- 
ues of a betw een ± 1/ 2d It is seen 
that for each a there are two modes 
of vibiation of the system, so that 
we do indeed have tw ice the number of modes obtained by Baden- 
I’owell for his model with one mass Frequencies below fi and 
between and va are propagated by the lattice, and all others are 
stopped This lattice is an example of a band-pass filter The 
interval between xi and xj is knowm as a stopping band, while that 
between xj and xs is known as a passing band The frequencies xi 
and X 2 are v'ery near the proper frequency of oscillation of one iso- 
’ Op cit , p 194 
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lated M-m molecule This resonance frequency has nothing to do 
mth the distance between molecules, and a material change m 
wave velocity is obtained when the resonance frequency lies m the 
near ultraviolet, just above the optical spectrum Thus Kelvin 
explains refraction and escapes Cauchy’s paradox 



fTimmmmmrnm 
Fia 3 3 — Vincent’s model of the first mechanical filter 


Vincent* built a mechanical model to which Ivcbin’s theory 
was assumed to apply The model is shown m Fig 3 3 The 
large masses M are suspended from a beam on strings of equal 
length and connected to one another by springs The small 

masses m are each suspended 
from one of the large masses 
This model is evidently equival- 
ent to KeKin’s moie abstiact 
scheme and was the first mechan- 
ical Jitter to be built The motion 
of the system was observed for 
different frequencies Vincent 
plotted curves of index of refi ac- 
tion fi against the frecjuency for 
comparison with standard disper- 
sion curves These curves are shown in Fig 3 4 The solid curve 
IS for negligible damping and the deffted curve for large damping 
It IS to be noted that the dotted curve is a typical anomalous 
dispersion curve Vincent’s curve of r vs a agreed with Kelvin’s 
curve The ratio V = v/a can be measured on Fig 3 2 and curve 
3 4 obtained for y. = 1/V as a function of frequency c 

Kelvin’s paper received little notice, and the analogy lietween 
the propagation of electromagnetic radiation and the propagation 
of elastic waves along a loaded string was forgotten 



Fig 3 4 — Index of refraction ^ as a 
function of frequency i' for Vinrent’a 
model 


^PM Af 0^/40, 537 (1898) 
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In 1887, Heaviside noted that increasing the inductance per 
unit length of a cable should reduce the attenuation of waves 
propagating along the cable However, he discussed no expen- 
mental details Two years later, in 1889, Vaschy tned loading a 
very long cable with four inductances, -an expenment much too 
crude to give any observable result In 1900, Pupin developed 
the analogy between mechanical and electric hnes and, referring 
to Lagrange’s w'ork on the discontinuous stnng, succeeded in 
building loaded lines and low -pass electnc filters The line is 
shown in Fig 3 5a The inductances L' were spaced so that 


L' L' L' 



(a) 


L' L' L' 



(b) 

I 10 3 5 — Low-pass clcttrif filter and loaded line 


there were about ton mduttanees pei wa\e length Calling the 
capacitance pei section d between the two halves of the line C', 
Pupin obtained a critical frequency of 


1 

T V2l7C' 


(3 1) 


Figure 3 56 shows an equualent line with the capacitance of the 
line lumpt'd and placed along the line as indicated 

The hist high-pass electric filter (r c , a line passing all fre- 
quencies higher than a certain critical frequency and stopping 
all others) was built bv Campbell in 1906 The line is shown in 
Fig 3 6 Campbell followed up his high-pass filter by designing 
various band-pass filters Figure 3 7 is the band-pass filter 
analogous to Vincent’s mechanical band-pass filter 

It is somewhat easier than in the analogous mechanical lines 
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to see why the electnc lines mentioned above should pass some 
frequencies and stop others The impedance offeied by an 
electric circuit to a current passing through it is pioportional to 
vL and mversely proportional to vC where v is the frequency, L is 
the mductance, and C is the capacitance Thus in the low-pass 
filter shown in Fig 3 Sb the impedance offered by the coil5 L' 
increases with the frequency, while the impedance of the capacities 



Fio 3 7 — Band filter 


connected across the line decreases The occurrence of a critical 
frequency is a result of the spacing and lumping of the inductances 
and capacities In the high-pass filter the lo\t frequenc les w ill be 
shunted to the returning line through the inductances while the 
high frequencies will be passed Again, the occurrence of a 
critical frequency is due to the discontinuous nature of the stiuc- 
ture These problems will be discussed in detail in a later section 

4 0 * 0 • 0 • © 0 •— X 

0 d 2d 3d 4d 5d 6d 7d 8d 9d lOd lid 

Fia 3 8 — Born's model for sodium rhlondp 

In 1912, Born investigated the propagation of waves in crystals 
and rediscovered Kelvin’s analysis Using the model shown in 
Fig. 3 8, with large masses M and small masses m alternating at 
the points along the x axis defined by nd, where d is the distance 
between nearest neighbors, he obtained the curves shown in 
Figs 3 9a and b Figure 3 9o shows r as a function of a There 
are two branches to the curve because we have effectively 
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doubled the number of degrees of freedom of the system by add- 
ing another constant The additional constant is, of course, 
the second value for mass We shall find that in general the 
number of branches will equal the number of different masses 
occurrmg in the model , t c , the number of frequencies correspond- 
ing to a given wave number is equal to the number of degrees of 
freedom associated with each element or cell of the lattice In 
this case the cell consists of a large mass and either of its neigh- 
boring small masses If there were two different masses between 





Fia 3 9 

a given mass and the next one like it, and if this structure were 
repeated all along the lattice, each cell vould have three degrees 
of fieedom, and the v vs a curve ivould have one lower branch and 
two uppei branches as in Fig 39c This property of discon- 
tinuous media will be discussed in greatei detail later 

In general, the lower branch is called the acoustical branch 
It corresponds to motion of the particles such that in each short 
section of the line all particles move m the same direction at a 
given instant The upper branches are called optical branches 
and correspond to one or more types of particles moving m the 
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direction opposite to that of the- others at any given instant In 
Bom’s model, where we have only two types of particle, the 
optical branch corresponds to the motion of the large masses m 
one direction while the small masses move in the other 

Figure 3 96 is the attenuation curve for Born’s model and 
represents the generalization of Fig 2 7a There ai e one stopping 
band and two passing bands associated with this model The 

L] L2 L] L2 L, L2 

— (TjOTOTip nsW' nmwp nnnr nnnfWT' nnnr>— 

— >000000 J >.0Q0-< kSIASu— 

Fiq 3 10 — Electnc filter corresponding to Born’s sodium-chlonde model 



electncal analogue to Born’s lattice is a line with small and large 
inductances alternating (Fig 3 10) 

Born’s problem is usually leferred to as the NaC'l crystal lattice 
problem, since a very similar situation is found in the NaCl 
crystal structure it is a cubic lattice with Na+ and (’1~ ions 
alternately located at the lattice points, as shown in Fig 3 11 
Along one axis, the x axis, for instance, the structure is exactly 
the same as that in Fig 3 8 


CHAPTER II 


PROPAGATION OF WAVES ALONG 
ONE-DIMENSIONAL LATTICES. 

GENERAL RESULTS AND QUALITATIVE DISCUSSION 

4. General Remarks 

Before proceeding to the mathematical treatment of waves 
propagating along a one-dimensional lattice, w e shall make some 
general remaiks about the problem and discuss some particular 
cases qualitatively The simplest example of a one-dimensional 
lattice IS Baden-Powell’s model with equal masses spaced uni- 
formly m a line If we take the masses along the J axis, the x 
coordinate of the nth mass will be gucn by 

X = nd + (4 1) 

where is the displacement of the nth particle from its equilib- 
rium position may be taken to represent tiansverse or 
longitudinal displacement, or any other quantity whose value 
may be defined at the points occupied by the masses but not 
elsewhere (electnc polaiization, for instance), le, we may 
regard as a propcrtv associated with point mass n This 
property is propagated as a wave if the physical problem admits 
a solution of the type 

a = -, k = 2irad, u = 2iri' 

A 

where i> is the ficquency, t the time, a the wave number, X the 
wave length, d the period of the lattice, oi the angular frequency, 
k the product of the w'ave number and the jreriod of the lattice 
multiplied by 2ir, and A a constant amplitude The quantity k 
IS the change in phase in passing from a pomt n to its nght-hand 
neighbor n -f- 1 : 

(4 3) 
17 
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Thus k IS essentially defined as an angle and can be known only 
as modulus 2ir The same solution of the problem is obtained for 

k OT k' = k +2mir (4 4) 

when TO IS a positive or negative integer Equations of the 
physical problem must yield the same value of u or p for ev'ery 
equivalent k or k', vhich means that the frequency p is a periodic 
function of fc or a 

u = f{k) period 2 x in k = 2rad 

V = f’Ca) period 3 in o 
a 

This IS a general and direct consequence of the periodic and dis- 
continuous structure of the onc-dimensional line It was 
explained in Chap I in Eq (2 4) by saying that if 1 ^ could be 
measured between particles, the uncertainty in A: or a would be 
eliminated, but since <1/ is measured only at the discrete points nd, 
the condition (4 5) is unavoidable 

On account of the periodic properties of the line, it is sufficient 
to discuss the properties of the functions / 01 F inside one period 
of A; or a The most convenient choice is 



— tr ^ k ^ TT 

2d - 2d 


(4 (1) 


since a wave always propagates m the same w ay to the right and 
to the left This means that the functions / and F have the addi- 
tional property of being even functions Positive k means a 
wave propagating to the right, negative k a wave propagating 
to the left If ko is a positive number in the fundamental mtei- 
val (4 6 ), it represents a wave going to the right, and so does 
ko -j- 2ir, but ko — 2ir is negative and represents a wave going to 
the left (Fig 2 5) Hence, the uncertainty is not only in the 
magnitude of o or A: but also in the direction of propagation 
The limitation (4 6 ) means 


X = 


n ^ 2d 

jal 


(4 7) 


The shortest wave length is thus equal to twice the distance 
between particles and corresponds to a certain critical frequency 
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or cutoff frequency v„ that la characteristic of the structure In 
many impoitant cases is the maximum frequency, and the 
system works as a low-pass filter for aU frequencies 

•' g Km (4 8) 

Frequencies above Vm are strongly attenuated Condition (4 8) 
IS, however, not the only possible one, and other situations may 
arise when v„ would be a minimum The system as a whole is 
always a hlter, but it can be of the low-pass, high-pass, or band- 
pass type 

These general results, plus a direct discussion of the waves 
corresponding to the limiting cases, X = qc, a = 0, and X = 2d, 
a maximum, may in a number of instances give enough informa- 
tion to enable one to describe, at least qualitatively, the general 
jiioperties of the structure In the next few sections we shall 
apply this discussion to specific examples of one-dimensional 
lattice, s 

6. A Lattice of Free Particles 

By a lattice of free particles we mean particles in a one- 
dimensional lattice with no forces present except those due to 
int(*r;ictioris of the particles among themsehes For purposes of 
this discussion we shall limit the interactions to nearest neigh- 
bors Vn example of this is a loaded elastic cord with the masses 
distributed uiiiformlv, where the ela,sticity of the coid remains 
(onslant along its length and plays the part of the interaction 
forces 

Iict Us first consider longitudinal displacements The case 
0 = 0 corresponds to iiihnitc wav'e length In this case the lat- 
tice as a whole is displaced, and no change in the distance between 
maiises occurs Thus no foice is biought into play The fre- 
quency IS zero For a ^ 0, but still veiy small, the wave length 
is large compared with the distance between masses, and hence 
the waves are propagated os if the lattice were a continuous string 
The velocity of propagation of waves along a continuous string is 
constant for all wave lengths, i e , for long wave lengths, the 
frequency is proportional to ja| A rigorous treatment shows 
that the velocity decreases for wave lengths comparable with the 
distance between masses Now' if a wave is to be propagated at 
all, the frequency must be a periodic function of a Further- 
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more, the curve of p vs a must be symmetrical about the ongm 
If it were not, the frequencies for a given wave length propa- 
gating m opposite directions w ould be different, a fact that would 
be m contradiction with the symmetry of the structure If v is 
to be both penodic and symmetrical about the origin, there must 
be a maximum in the value of v at l/2d, since the period ol v is 
1/d Thus we obtain a curve of the general shape of that in 
Fig 2 4a We shall, of course, justify the exact shape mathe- 
matically in a later section 

The remarks made on the longitudinal vibrations also apply 
to transverse vibrations Qualitatively, they may be tieated in 
just the same way Quantitatively, however, there is a differ- 
ence The velocities of propagation for large wave length aic 



Fio 5 1 —Longitudinal and transverse vibration along the row of pnrtirles 

shown on Pig 2 1 

different in the longitudinal and transverse cases, and the maxi- 
mum frequencies are also different A typical cuivc for a one- 
dimensional lattice with particles with two degiees of freedom is 
shown m Fig 5 1 The subscripts t and I on the maximum 
frequencies refer to transverse and longitudinal vibratunis, 
respectively The lower curve, representing transveme vibia- 
tions, should properly be considered a superposition of two 
branches of the same frequency, since there are two independent 
directions perpendicular to the lattice in which the masses might 
move If there were an asymmetry m the elastic coid (c p , if it 
were of elliptical cross section), the lower branch would split into 
two distinct branches to give the extra frequencies demanded by 
the added degree of freedom The solid curve corresponds to the 
interval (4 6), and its periodic continuation is shown as a dashed 
curve 

The transverse branches will usually be below the longitudinal 
branch m a loaded string, since the force required for a given dis- 
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placement is smaller m the transverse than m the longitudinal 
direction The frequency of displacement is proportional to the 
square root of the elastic constant, which will be smaller m the 
case of transverse displacements 

6. Longitudinal Vibration in a Row of Equidistant Coupled 
Oscillators 

A particle attracted to some equihbnum position by an elastic 
lestonng force acts as a harmonic oscillator It has one proper 
frequency vo that depends on the elastic restoring force and the 
mass of the particle If its elastic restoring force is different m the 
X, y, and z directions, we have what is called an anisotropic 
oscillator An anisotropic oscillator has three proper frequencies. 


— ^ <1 b d trt) 0 dl) Y 0 0 6Tb 0 dT y’oooOoooOw’o 6 WO o d 0 0 iTlhro Ob O'? — 



I'lo 6 1 — A row of harmonic oscillatorii coupled together 


I'd!, Vi>y, and vot, corresponding to vibrations in the i, y, and z 
diiections, lespectively 

Let us consider a row of similar haimonic oscillators (isotropic) 
spaced at distance d from one anothei along the x a\is and allow 
interactions between nearest neighbors (Fig 6 1) We wish to 
study the longitudinal modes of \ dilation of this system For 
infinite wave length, a = 0 Inhnite wave length means that 
all the particles aie displaced siimiltaneousl}' by the same amount 
Since the distances between the pai tides do not change, the forces 
of interaction do not enter into the pioblem Each particle is 
attracted to its equilibrium position with the same elastic force, 
and the system will oscillate mth frequency vo For a slightly 
smaller wave length the particles wnll be displaced relatively to 
one another, and the foices of interaction will play a part in the 
motion of the system The frecjuency associated with this wave 
length will be slightly different from v„ Whether the frequency 
increases or decreases will depend on whether the resulting forces 
(elastic plus interaction) are larger or smaller than the restoring 
force tending to return each particle to its equilibrium position. 
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It may be sho^vn that for large wave lengths v is given by 

•' = »'» + bo* (6 1) 

The sign of b dejiends on the constants of the system and deter- 
mines whether v shall increase or decrease as la| increases As 
the wave length becomes comparable with 2d, the considerations 
of the prei’ious sections on one-dimensional lattices apply, and v 
approaches an extremum Thus we will have two limiting fre- 
quencies, Po and v„ (where m stands for maximum or minimum 
as the case may be) Frequencies between vo and will propa- 
gate along the system, and other frequencies w ill be damped out 
The system therefore forms a band-pass filter The sohd curve 



Fio 6 2 — Frequency p as a function of a = 1/X for the row of harmonic 

oscillators 

in Fig 6 2 shows the curve y vs a in the fundamental interial 
(4 6) for the case b > 0 If each particle represented an aniso- 
tropic oscillator instead of an isotropic oscillator, there would be 
three curves, one for longitudinal and two for transverse vibra- 
tions These curves might overlap and would not necessarily all 
nse as laj increases from zero 

7. Longitudinal Vibrations in a Row of Diatomic Molecules 

The scheme described in the last section is somew'hat artificial 
It IS rather difficult to imagine a particle in nature being tied to 
an equilibrium position by a little spring A more realistic pic- 
ture IS obtained by considering diatomic molecules This is a 
more complicated problem, since we must introduce a second 
type of particle that may interact with the first type as well as 
with its own type 

A lattice of diatomic molecules is shown m Fig 7 1 The open 
circles are to have mass M, and the dots are to have mass m An 
isolated molecules will have a certam proper frequency of vibra- 
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tion that we call vo This frequency corresponds to an oscilla- 
tion of the two masses along the x axis in opposite directions m 
such a way that their center of mass remams at rest 

Let us consider the motion of a row of diatomic molecules 
spaced at distance d from one another along the x axis We 
assume, of course, that the molecules interact, but we limit the 
interaction to nearest neighbors There will now be two wave 
functions, both imaginary exponential, one describing the motion 
of the masses M and the other descnbing the motion of the masses 
m These two functions may be wTitten 

4'u = and (7 1) 

The frequencies and wave numliers will be the same, but the 
amplitudes may be different The frequency v may be found as 



Fio 7 1 — A row of diatomic nioleeulea 


a function of tlie constants of the s 3 'stem and of a It turns out 
to be double valued in v, as will be showm in the rigorous theory, 
corresponding to the doubly infinite set of degiees of freedom of 
the system 

For infinite wave length, the atoms all oscillate in phase, and 
we may take 

Am = A„ (7 2) 

This coriesponds to a translation of the lattice as a whole without 
alteration of the distance lietween particles, and hence the fre- 
(piencv is zero Anotliei freciuency for infinite wave length is 
obtained if we take the small and large masses moving in opposite 
directions in such a wav that the centers of gravity of the mole- 
cules remain at rest This frequency would be co if there were 
no Intel action between molecules The presence of interactions 
would change this frequencv If the wave length is decreased, 
the lower branch of the v vs a curve will rise This branch is 
just what would be obtained if we took each molecule to be a 
single particle The upper branch will increase or deciease from 
its frequencv at a = 0, depending on the relative values of the 
constants involved Figure 7 2 shows the frequency curves 
The limit to the frequency of the upper branch is c'o for a = 0 
Either, but not both, of the two upper branches showm may 


24 WAVE PROPAGATION [Chap II 

occur Figure 3 2 (Vincent) and Fig 3 9 (Bom) represent two 
typical examples with diffeient upper curves The size of po 
relative to the maximum frequency of the lower branch depends 
on the constants of the system, as does also the \ndth of the 



j-jQ 7 2 — Frequency << aa a function of a = > /X for a row of diatomic niolcc uica 

upper branch Frequencies located in the stopping bands ma\ 
be shown to decay exponentially, as in the other models we ha\e 
discussed The a corresponding to these freciiiencies are com- 
plex with imaginary part ^ ^ is therefoie the attenuation con- 

stant for a given frequency The attenuation cuives aie shown 



Fio 7 3 —Attenuation as a function of frequency for a row of diatomic moIeruloH 

in Fig 7 3 The solid curve is for the solid upper branch and 
the dashed curve for the dashed upper branch of Fig 7 2 

In these examples, the following features tan lie recognized 
that will be proved in the detailed analysis of later chapters 
1. Periodicity of p as a function of fc or a (4 5) 
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2 The possibility of a reduction of A: or o inside the funda- 
mental interval (4 6). 

3 If the elementary cell of the one-dimensional lattice con- 
tains a system with N degrees of freedom, there will be N different 
waves corresponding to each k value, with N diffefent frequencies 
Examples with N = 1, 2, 3 were given in Secs 5, 6, and 7 

4 Hence, the number of degrees of freedom inside an ele- 
mentary cell equals the number of branches in the curve v = F{a) 
and the nurnbei of passing bands of the structure (with possible 
overlapping of the passing bands) 

5 Frequencies outside the passing bands are not propagated 
but decav exponentially along the line 

These aie the general properties of one-dimensional periodic 
structures that will be investigated mathematically in the follow- 
ing sections 



CHAPTER III 

MATHEMATICAL TREATMENT OF A 
ONE-DIMENSIONAL LATTICE OF IDENTICAL PARTICLES 

8. Equation of Motion of a One-dimensional Lattice of Identical 
Particles 

In this and the following sections we shall derive ngoiously 
the results discussed qualitatively in the first two chapters We 
shall assume an infinite lattice of identical particles of mass M 
The particles in equilibrium are sepaiated by a distance d along 
the X axis, and we shall take the oscillations of the jiartules to 
be longitudinal We number the particles by calling the jiarticle 
at the origin 0, the next particle to the right 1, etc The dis- 
placement of the nth particle is denoted by y„, so that Xn, the 
coordinate of particle n, will be given by 

x„ = nd + i/„ (8 1) 

We shall assume interactions between all particles, and for this 
we require the expression for the distance between two particles 
n and n + m This distance is 

rn,n+m = 2-n+m — X„ = TTld + — !/„ (8 2) 

This expression may be either positive or negativ'e, depending on 
whether m is positive or negative The energy of interaction 
between two particles will be expressed as a potential function 
that will be assumed to depend only on the distance betw'een the 
twm particles 

L"(r) = U(\x„+„ - a:„|) (8 3) 

The total potential energy of the lattice will then be given by 

t/ = S S - ^"D (8 4) 

n m >0 

m must be restncted to positive values so that the interaction 
between a given pair of particles will be counted only oncx; We 

28 
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might take the sum over all values of m and divide by two to 
compensate for counting each pair of particles twice How'ever, 
we prefer to restrict m to positive values, since this enables us to 
drop the absolute- value sign in the argument of f " If we assume 
that the displacements t/„ are small compared with d, W'e may 
expand C7 in a Taylor senes Thus 

— Xn) = Uitnd) -I- iyn+m - y„)V'{md) 

where U'{md) and L’”(md) are the denvatives d['/dr and d^l'/dr^ 
evaluated at md Substituting the Taylor expansion in Eq (8 4), 
and neglecting powers of (i/„+m — Vn) higher than the second, we 
obtain for the potential energy of the lattice 

f' = ^ ^ U{md) + (!/„+„ - y„)V'{md) 

n m > 0 

+ \ (y^+v, - y„)^r"(nu/}J, 

or 

U = const + ^ ^ [ iVn+m — yn)V'{md) 

n m > 0 

+ 2 j, (8 5) 

where the constant i> given by 

Const ~ ^ ^ U{md) - ^ C{md) 

n m >0 m > 0 

The force Fp acting on the pth particle is obtained by taking 
the negative deriv ati\ e of the potential energy w ith respect to the 
displacement of this particle Befoie performing the differenti- 
ation it should be noted that only two terms from the sum over 
all values of n w ill remain, the others dropping out because they 
do not contain the variable yp The tw o remaining terms will be 
those for which n = p and n + m= p m is to be positive, so 
the terms for which n = p will give the force on particle p due to 
particles to the right, while terms for which n m = p give the 
force on particle p due to particles on the left. Therefore, 
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n m >0 


- y,,)r(md) + ^ (y„+„ - y,,yV”{md)^ 
= - ^ ^ [(i/p+m - 2/p)r'(jwf) + ^ (j/p+„ - y^yr'inid) 

m >0 

+ (2/p - yp-„)l"{md) + ^ (i/p - 2/p_„)“r''(m</) j 

= - X 

+ r'(mrf) + (2/p - 2/p-«)r"(/Hrf)] (8 (ia) 

or, wTiting U"^ instead of U"{md), 

Fp = ^ r"„( 2 /p+p. + 2/p-m - 2y„) (8 bb) 

m >0 


These formulas require some discussion and explanation In 
Eq (8 6a), for instance, we find m the hrst row a teim — I '{ind) 
representing the force of atom (p + m) on atom p In an 



FINITE ROW OF ATOMS END OF MISSING ATOMS 

THE ROW 
Fio 8 1 


infinite lattice this term is compensated by an opposite force 
+ U'imd) found in the second row of Eq (8 6a) and representing 
the force of atom (p — m) on atom p 

The situation is different in & finite lattice (Fig 8 1) Let us 
assume the row of atoms to extend from n = — « to n = 0, 
with all atoms n = 1, 2, 3, missing, and let us discuss the 
forces to be added in order to keep the structure undisturbed 
near the end of the row External forces that would make up 
exactly for the forces that the missing atoms iiould produce on 
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the end of the row must be provided for For instance, we must 
add the forces 

U'z, U\, ir\, 

on atom n = — 2 This means a very (Tomphcated set of forces 
acting on the last atoms of the row, if the row is to be kept unper- 
turbed with the constant distance d up to the last atom The 
total force required on all the last atoms of the row' is 

F, = r'x -h 21 sr, = X (8 7) 

m “ 1 

since there are m pairs of atoms interacting at distances md 
across the border The sketch in Fig 8 1 visualizes the situation 
for m = 5 In order to obtain a one-dimensional lattice with 
distance d between neighboring particles, it is necessary that the 
total force acting upon the end of the lattice be F,, but the condi- 
tion in not sufficient 

If this total foice Fi, is differently distributed between the 
particles at the end of the row , tw o things may happen 

1 It IS possible that a local perturbation of the row is produced 
near the end, liut that at large distances from the end the equi- 
distance d IS obtained This is usually the case, with forces 
deci casing rapidly when the distance is increased, such as the 
ones ericounteied in most physical problems of crystal lattices 
If the foiies extend only to a distance Ld, the sum in Eq (8 7) 
must be taken from ?« = 1 to m = L, and the distance upon 
which the peiturbation of the lattice occurs is of the oider of Ld 

2 The perturbation may extend throughout the lattice and 
offer a periodic character as a function of the distance, thus 
lesulting in a sort of superlattice or periodic structure with a 
distance D > d Thcic may also be different values di, di, 
coiicsponding to the same total end force Ft 

For instance, a fiee row of particles is one terminatmg freely 
with no external forces added This means that no perturbation 
will occur only if all terms U'l = I 's = = U'j, = 0, and 

in this case the lattice w'lll keep the interval d up to its end If 
all f/'m are not zero, a perturbation appears near the end of the 
lattice (case 1) or even along the whole lattice (case 2) 

This one-dimensional example corresponds to the problem of 
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surface structure and surface tension for solids or liquids In the 
three-dimensional problems of physics, the interaction between 
particles decreases very rapidly for mcreasmg distances, and 
case 1 above is practically always obtained The last L atoms of 
each row build a surface layer LA deep, which surrounds the solid 
or liquid structure The perturbation of the lattice inside’ this 
surface layer results m additional forces, the resultant of which 
18 known as surface tension 

The type of perturbation in the lattice and the extent of this 
perturbation inll be discussed later on (see Sec 10), but we 
should immediately emphasize the great complexity of the bound- 
ary conditions for structures including particles interacting at large 
distances The situation at the boundary cannot be defined by a 
set of forces acting on the last particles, but the whole distnbu- 
tion of these forces on the different particles at the end of the row 
must be specified The usual mathematical statements about 
forces on the boundary are completely inadequate A similar 
situation will be found in connection with problems of wa\e 
propagation across the junction of two lattices, or reflection of 
waves at the boundary of a lattice (see Sec 24), where a minute 
description of the type of junction extending all through a 
boundary layer of order of thickness lA w ould be required 

As for F]q (8 66) and vibrations inside an infinite lattice, the 
force Fp will be balanced by the inertial force so that the equation 
of motion for the system will be 

Fp = M '^2" = X + y”- ~ 

m >0 

Let us assume a wave solution for Eq (8 8) 

j/p = = ^4<,2ii(»i-opd) a = V (8 9) 

A 

V IS, of course, the frequency and a the wave number This gives 

yp+m + Vr-m - 2yp = - 2 ) 

= — 2)/p(l — cos 2iramd) = — 4i/p sin^ -ramd 

Therefore, Eq (8 9) will be a solution of Eq (8 8) if the following 
relation between v and a is satisfied 
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^ ^ Bin* iramd 

m >0 

= ^ ^ — COS 2wamd) (8 10) 

fn >0 

with f/"m = U"(Tnd) From Eq (8 10) %\e may verify at once 
that v 18 a penodic function of a and has penod 1/d, since 


V 


2 



.*(a) 


and V must be positive 


9 Rigorous Discussion for the Case of Interactions between 
Nearest Neighbors Only 

If Me_ assume that the interactions among the particles are 
negligible except for nearest neighbors, Eq (8 10) reduces to 

= T" sin* Tad V" = f", (9 1) 

This IS the equation on «hich the qualitative discussions in the 
first two chapters weie based We may compute the velocity of 
piopagation of the wave 



a 



Ism irodl 

'7ra| 


d 


4 


l jsin T ad\ 

ST ~]^dr 


The velocity for infinite wave length 1',, is therefore 


(9 2) 



and Eq (9 2) cheiks with Uaden-Powell's equation (2 1) 

In order to set up the connection between these results and 
Newton’s calculation for the \elocity of sound in air, wc must 
define a modulus for our discontinuous system, and this must be 
done in such a way that in the limit of dense spacing of our par- 
ticles (le , a continuous structure) the modulus will go over into 
the oidinary extension modulus, defined as tension dnided by 
strain In our discontinuous structure, we can define the ten- 
sion between two particles as simply the force between them, and 
this will be equal, for the pth and (p -|- l)st particles, to 


r'(d)(y,^, - t/p) 
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Since the resultant force on the pth particle, due to both particles 
(p + 1) and (p - 1), IS 

U"(d}(yp+i + Pp-i - 2yp) 

Furthermore, we can define the strain betM'een particles p and 
(p + 1) as (j/p+i — yp)/d The modulus will, accordingly, be 

t = dV'id) (9 3) 


and it is evident that in the limiting case of dense spacing all 
our definitions will go over into the usual definitions 

If we call our modulus t and the average linear density of our 
system p (t e , p = M/d), Eq (9 2a) becomes 


= 



(9 3a) 


which 13 Newton’s formula [Eq (1 1)] inth c in place of Newton’s 
bulk modulus ed We can identify our I"' uith Newton’s elastic 
constant e 

For the wave length large compared with d, i c , if the lattice 
may be regarded as a continuous medium, the velocity is V „ 
and IS independent of the wave length As tlie wave length 
decreases, the velocity decreases and approaches 2\\/r, or 
0 635 times V^, the value for infinite i\a\e length (see Fig 2 2) 
This velocity is reached at the wave length \ = 2d Foi X = 2c/, 
there is an ambiguity m the velocity of propagation, as iiointed 
out in an earlier section, since the wave may be propagating in 
either direction with velocity 0 G35E„ oi may be a standing 
wave The cutoff frequency Vm is obtained from Eq (9 1) by 
setting ad = }4 



For frequencies lower than the limiting frequency p„ we obtain 
real solutions for a For higher frequencies a is complex, since 

= f^'sin^TTOc/ (9 1) 


a = ± ± i|3, k = 2irad = +ir ± i2v0d 

sin rad = + sin ^ cos irfid = + cosh r^d 


(9 5) 


If we set 
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then 

= U" cosh^ irfid (9 6) 

or 

1 lU^' 

/3 IS called the attenuation coefficient, and in the attenuation curves 
the magnitude of ^ is plotted as a function of v Curves repre- 
senting the real and imaginary parts of a = a -f as functions 
of the frequency v have been drawn m Fig 2 7 (Sec 2) Between 
0 and v„, a is real, and aboi’e the real part of a keeps a constant 
value +l/2d while the imaginary part ^ increases very rapidly 
This means that for frequencies above the cutoff the vibration 
decays exponentially along the string O term) while successive 
atoms oscillate in opposite directions (real part l/2d) This is 
easilj’’ seen in Fig 2 10, which is a reproduction of one of Kelvin’s 
original drawings It shows that Kelvin had actually grasped 
ail the details of this problem 

10 Discussion of the Distance of Interaction 

In the case of interactions between nearest neighbors only, we 
hnd that there is a single frequency corresponding to a given 
wave length and that there i.s only one wave length larger than 
2ii for each frequency Now if the interactions extend to the 
Ath neighbor, i r , to a di.stanre of Ld, we obtain the following 
expie.sMon relating fiequency and wave number [Eq (8 10)] 


^ r'„ 


sin- ramd 


= ^ y' K"m(l — cos 2iramd) (10 1) 

* •—4 

0 <m <L 


For very large wave lengths 


4 ' M 4 ^ 


Thus IS still a constant whose value depends on the constants 
of the system As the wave length decreases, the velocity of 
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propagation vanes The frequency corresponduig to the limit- 
ing wave length \ = 2d, a = l/2d, may be computed 


V 


t 



0 <m <L 


sm* 


rm 

"2 


^ V'imd) (10 3) 

0 <m <L 
m odd 


Since 


rtn _ I 0 

”2 “ I +1 


m even 
m odd 


(10 4) 


so that the even terms in the sum drop out 

Returning to the general equation for v [Eq (10 1)], we note 
that to each value of a there will correspond a single frequency 
regardless of the extent of the interactions Non cos 2iramd 
may be expanded as a polynomial of degree m in cos 2xad Thus 

the frequency n ill be expressed os a 
polynomial of degree L in cos 2irod 
This means that foi a given frequency 
there \i ill be L solutions for cos 2jrfld 
and hence L solutions for a in the 
interval — l/2(/ to -f l/2d The re- 
sult of these remarks is that c is a 
single-valued function of a, but a is 
not a single-valued function of v, as 
shown in Fig 10 1 It is not neces- 
sary m this ca«e that the maxinuim value of the freciuency ajipear 
at the ends of the interval — l/2d ^ a ^ -|-l/2d, hut the curve 
must end wnth a horizontal tangent in anv case 

The L solutions for a for a given fiequemy need not all he 
real, some may be imaginary or complex Such solutions are to 
be mterpreted as meanmg that the wave decays exponentially' 
along the lattice This is of special importance in the case of a 
finite lattice such as the one already discussed in Sec 8 with Fig 
8 1 If vve assume a sinusoidal motion of frequency v imposed on 
the last particle of the lattice, the different waves corresponding to 
this frequency will be excited in various proportions Those foi 
which a 18 real will propagate along the lattice, and those for 
which a IS imaginary or complex will decay exponentially from 
the point of excitation If vve wash to excite only one of the 
waves on a semiinfinite row of particles, w'c must impose on the 
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hrst L particlea the motion charactenstic of this special wave 
In the case of interactions between nearest neighbors only, the 
boundary conditions were simple we had only to specify the 
motion of the first particle However, added interactions com- 
plicate the procedure, and the bpundary conditions must be 
specified over a length Ld of the lattice 

The problem of the lattice at rest corresponds to the case r = 0 
In drawing the curve in Fig 10 1, it was assumed that the forces 
lietween the particlea were such as to give only one real solution 
a for low' V values The remaining (L — 1) solutions must then 
be complex and result in a perturbation of the lattice that would 
decay exponentially from the border The whole distance over 
which these exponential perturbations extend (at the limit 
v = 0) represents the thickness of the border m the one-dimen- 
Monal case or of the surface layer in the three-dimensional 
problem This assumption corresponds to case 1 discussed in 
Sec SaftcrFiq (8 7) Another pos- 
sibility would correspond to a curve 
going down to v = 0 for some ±ai 
\alue of a, such ns the cur\e of Fig 
10 2 I nder such circumstances a 
steady iienodic perturbation of wa\e 
length X] = 1 /a I may obtain through- 
out the lattice and realize a superlattice structure of period 

Xj/cf = 1/Oxc/, 

as anticipated in Sec 8, case 2 

I'hpiat ion (10 1 ) gii es v- as a finite Fourier expansion in a We 
may use Fourier’s theorem to obtain the interactions among the 
^arlous particles if we assume e = F(a) is a known function 

L "{md) = —ir^Md (cos 2xanu/)c/a (10 5) 

As an example, let us siH3k the interactions that would give a 
constant velocity of propagation IF throughout the passing band 
Then 

, = ir|a|, V* = F*(a) = ir*ci* 

a IS, of course, to be taken in the usual interval Curves corre- 
sponding to this problem are shown in Fig (10 3). Then 
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?7"» = -4irWdW 


/ \/2d 
-l/2d 


a*(cos 2iramd)da 






(10 G) 


Now [’"* IS the second derivative of the mteraitum cnerRV of the 
two particles separated hj nid and appeals as a fiinchon dchned 
at discrete points at intervals of d along the x axis c may take 
the continuous function 




-2 


Jl/in 


cos 


rX 


(10 7) 


to represent the duscontmuoiis function The function fl0 7) 
has the same values as l'''{md) at the points where ('"{md) is 
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defined, but it ls continuous, and hence we may integrate twice 
to hnd the interaction cnerg}’ The integration must be done 
by tables in this case Once the function V'(x) is known, liow- 
ever, one may construct a discontinuous line with the proper 
elastic forces between the elements to obtain a low -pass mechan- 
ical filter having a constant velocity of propagation for all fro 
quencies in the passing band The same method may Im 
applied to a high-pass filter or to more comiilicated hlteis having 
one or more passing bands For this simple example we may 
easily obtain where w is the angular frecjiiency, 27r times the 
frequency as a Fourier senes 
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S V" 

2 ^ (1 — C 08 2ramd) 


since 




4(-i)— 


(1 — cos 2iramd) 


cos 2irad) ~ “ cos 4irad) 


+ ^ ( 1 — cos Ovad) ~ ( 1 ~ cos ^rad) + 

+ T COS 4rad — ^ cos fnrad + ~ cos 8ia</ — 
4 9 Id 


^ 4»P r _ 
d* [l2 


fos 2irad + ^ cos 4rad 


— ^ cos Cnrad -h cos 8rad 
9 10 

z ! = 1 _ 1 + 1 _ J + 

12 4 ^ 9 10 ^ 


(10 8 ) 
(10 9) 


Let ns replace 2rad Oy A- and recall that a = y/W to obtain 


k- 


= iTr’u’d- = 


4jr\-^d- 

iC^ 


— ^ 1 2 ~ ^ — <) ' y 

I'luis we ha\e k- us a well-known Fourier expansion m k in the 
intcrcal — t, -I-t 


11. The Low-pass Electric Filter 

The eh'cliic liltei shown in Fir 1 1 1 is a low -pass electric filter 
The ecpial self-imhn tiuucs A alteinute with etiuul capacities C 
The capacities sluinl out. the high freiiuencies, and tlic low fro- 
(liicncies are allow lal to pass To obtain the eciimtioiis tif this 
line, we call Q„ ami F,, tlie charge and potential, lespectively, on 
condense'] n, while i„ will Ik* the current flowing between con- 
densers (n — 1) and n Then 

j d? H |. jy. 

^ d/ ~ ‘ ~ ^ 
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and 


since 


t. 


— i.+i — 


dO- 

dt 



(11 1 ) 
( 112 ) 


Differentiating Eq (11 1), we obtain 

, dh„ 


dt^ 


_ l/dQ._, dQA l 
C\ dt dt / C 


+ Wi-2i„) (113) 


The solution of Eq (113) gucs the flow of current in the line, 
and from this the potential differences and charges on the con- 
denser plates may be found Equation (11 3) is identical with 

Vn-l i_ i_^-, ^n+2 


'n-1 In 

c-r c 


• n •♦•2 




CT c-p 


c- 




n-1 


n n+ 1 

Fio 11 1 


■> 


n‘f2 


the eciuation of motion of a onodimenfiional mechanical lattue 
[Eq (8 8)1 "ilh interaction between nearest neighbors onlv 
(Chap I, Sec 2, or Chap III, Sec 9) 

M = f '".(y„-. - 2//„) (1 1 4) 


V’/M is replaced by 1/Z-C, and y„ is replaced by ?„ Thus all 
the results obtained for the low-pass niechanual hlter ajiply 
automatically The \elocity of propagation foi vcrv long waves 
IS dfy/ LC W'here d is the dustance between condensers, there is a 
cutoff frequency v^, and all frequencies higher than decay 
exponentially, c is a periodic fumtion of the wave number 
From Eq (9 4) wc may compute the cutoff frequency 


r-. 


1 

IT vXC 


(H 5) 


The low -pass clectnc hlter shown in Fig 1 1 1, to which Eq 
(11 3) applies, contains no resistance Introduction of resistance 
changes the properties of the line slightly There w ill be a slight 
attenuation of frequencies in the passing band due to energy 
losses ih the resistance, and the cutoff frequency will be less 
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abrupt ; t c , there will be a region of rapidly increasmg attenu- 
ation for increaaing frequency near This problem will be 
discussed in detail in Chap IX The curves in Fig 2 7 will be 
changed mto those m Fig 1 1 2 
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Fig 11 3 
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— ln-2 ^^In-I ^“In ‘•“•n+l ^“ln*2 

Fio 11 4 

The Hiiigle-line structure of Fig. 11 1 is equi\alent to a double 
line (Fig 1 1 3) constructed from the original line of Fig 111 
and Its image This ran be simplihed in the scheme of Fig 114 
icith the same L values as in the single line but vvnth capacities 

]4C 



V = L, 


( 11 . 6 ) 
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Hence, the double hne of Fig 114 has exactly the same proper- 
ties as the single line, with the values 


^ ^ d 

vie x/iCX' 

^ \ ^ 1 

T a/IC t V2UC 


(11 7) 


as announced in Eq (3.1). 


12. Analogies between Electrical and Mechanical Systems 

In the last section we sau that the equation for the propaga- 
tion of electric waves along a lo\\-pa.ss electnc line uas of exactly 
the same form as that for the propagation of elastic waves along 
a low-pass mechanical lattice This suggests the possibility of 
makmg an analogy between electrical and mechanical lines that 
will hold generally The detailed discussion of elcctncal lines 
wall be reserved for Chap IX However, we shall examine the 
problem in sufficient detail here to form a basis foi an analogy 
w'lth mechamcal lattices 

In the last section we found that the qmintitv V \ LC played 
the part for electrical lines that / M plays for mechanical 
lattices The clivcsical method for di awing an analogy lietween 
electromagnetic and mechanical effect.s ls to associate electrii- 
magnetic energy with kinetic energy and electrostatic energ\' 
with potential energy This leads to associating 

^ with (”' and L with M (12 1) 

How^ever, this method is not the onlj' one that can lie used, and 
we shall find another method more tonvcnicnt foi some purjaxses 
The design of the ^vstcln under consideration will, in general, 
determine the analogy to be used 

Another way in which we could make the analogy would be to 
take 

U", ~ -r- and M C (12 2) 

Lp 

For instance, this ls the proper analogy to use if we wish to con- 
struct an electneal line with the same propagation properties as a 
lattice with equally spaced particles of equal mass and inter- 
actions between all particles This can best be shown by con- 
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htructing such a line according to Eq. (12 2) and verifying that 
the line equations of the two systems are exactly the same 
The line is shown in Fig 12 1 Each condenser has capacity C 
and iS connected to its nearest neighbors through an inductance 
Li The condensers arc connected to next nearest neighbors by 
inductances Lj and to the pth neighbors by inductances Lp 
Only Li and Li are shown in the diagram in order not to, compli- 
cate it too much The condensers are numbered as before The 
current flowing through Lx will be — 1 fij n.-4-2j and, in 

general, that flowing through Lp will be t„_p „, i„_p+i„+i, , 



1 K. IJ 1 


i„_i nip-u Jn n+p Tlic sccond Mibscnpt on the current indicates 
the ( oiideiiser info which the ciirient flows, and the first sub- 
sinpt indiiates the londenser from winch the current started 
The charge Q„ on condense! u will be given by 


Clijn 

<lt 


V 


I n + 


P 


, - I e 




I 1 ii— 1 r» 

(ih »-*- 1 d” d” 


d" i»,ii+p) 

(12 3) 


We ha\e the following etjuations for the cuiient in the various 
blanches tif the iiiciiil denoted b_v Lp, if we fake the potential 
of condenser n to bo T, 


Lx 


d 

dt 


^ ft — 1 n 



Lp 


d 

dt 


f n—p It 


= r,_, - r. = 

= 1,-1 - r» = 

= i’,-p - v« = 


Qn-X ~ Qn 

'c~ 


<? -= - Q. 

' C 

Q,_p - Q, 

C 


(12.4) 
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Differentiating Eq (12 3) and combining with Eq (12 4), 
obtain 


^ P « _ di. »+p 

^ dt^ Z^\ dl 


dt 


) 


S Q n~p ~b Qn+p 2Qn ^j 2 
Lp 
p 

Equation (12 5) is indeed identical \Mth that for a row of par- 
ticles, each having mass M, with interactions allowed among all 
neighbors [Eq (8 8)), if we make the correlation 


*1/ 


and 


I *// ' 

c « ^ 


(12 2 ) 


MASS 


SPRING 




A 


MECHANICAL 


't ^ t' t 


ELECTRICAL 
Fig 12 2 


The Ime shown in Fig 12 1 will thus have the same propagation 
properties as the lattice of like particles with unlimited inter- 
actions (Chap III, Sec 8) 

A geometneal argument lead- 
ing to Eq (12 2) may be given 
The mechanical low -pass filler 
consists of point masses joined bv 
elastic elements that we might 
visualize as springs 'I’lie elastic 
elements (Fig 12 2) each have 
two ends, one connected to one 
mass and one to another mass, while the masses are represented 
by single points An clectiic line having all its condensers 
shunting the high frequencies may be regarded as a suigle line 
with the condensers connected between the line and ground at 
regular intervals Then the inductances appear as having two 
ends connected to different condensers, and the londensers are 
essentially points in the structure Another wav of looking at 
the problem is to regard the elastic forces as coupling forces in 
the lattice and the inductances as coupling forces in the electric 
Ime, while the masses and condensers are thought of as supplying 
inertial forces to their resjiective systems 

In the case of a high-pass hlter, the electric circuit would have 
inductances leading to ground with condensers incorporated m 
the line and separating the inductances In this case the induct- 
ances would have to be regarded as the points of the system and 
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the condensers as the parts having two ends, so that the classical 
analogy [Eq. (12 1)] would again hold For a band-pass filter 
with a low-pass band and higher bands m addition, the induct- 
ances would have to be shunted by condensers that would be 
regarded as masses, since one plate of each condenser could still 
be taken "as grounded However, a closer analysis of the system 
would be necessary to decide which analogy to use, smce there 
might be condensers elsewhere in the circuit 

There ls a limit to which these analogies may be earned It is 
not possible, for instance, to construct an electneal Ime by Eq 
(12 5), giving an arbitrary relation between a and v, as it is for a 
mechanical lattice (discussed in Sec 10) The reason is that 
it 18 sometimes necessary to allow f’"p to take on negative values 
This IS easy to realize mechanically, but it would not be possible 
to obtain a negative self-inductance for the analogous electneal 
line 



CHAPTER IV 


MATHEMATICAL TREATMENT OF 
MORE COMPLICATED ONE-DIMENSIONAL LATTICES 

13. Equations of Motion for the One -dimensional NaCl Lattice 

The one-dimensional NaCl lattice ib a .sperial case of the one- 
dimenaional diatomic lattice that ivas discussed qualitatively in 
Sec-s 3 and 7 The general lattice is shoun in Fig 13 I Theie 
are two maases J/i and .!/> alteinatiug A gneu mass M\ will 
have Its right-hand neighitoi a distanci* f/i away and its left-hand 

O d, • dj O d, • dj O d, • dj O d) • dj O d, • 

Ml Ma M| Mj M, M, Mj M, Mj 

n-2 n-1 n-l n n n + 1 n + 1 n+2 n+2 

) lo 1 3 I \ lO'w of tiialonm iooIlhuU'' 

neighbor a distance di on the other side The pciioJ of tlic lat- 
tice IS then 

d = di->t-di (13 1) 

In Sec 7 we assumed one mass, say .Ifj, mmh smallei than the 
other Then d/i was supposed to inteiacl with the small m.iss 
nearest to it and with each of the two huge masses neaiest to it 
The small masses were supposed to mteiuct onh with the nearest 
large mass In other woids, we allowed molecules as a whole to 
interact and then included the internal degree of freedom m our 
discussion 

In this section we shall discuss a slightly different lattice' 
The two will ha\e the same type of curve, however, since we shall 
change only the rules of interaction I'he int( rarhons shall take 
place between nearest neighbors only, without refeienee to the size 
of the masses This implies, of course, that we are dealing with 
particles that are comparable If we limit the problem to 
one in which the distances arc equal and the interact icjns of a par- 
ticle with its two nearest neighbors are equal, we obtain the one- 
dimensional analogue of the Naf'l lattice used by Bom m his 

44 
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theory of specific heats The lattice is shown in Fig 13 2 The 
solid dots represent particles of mass Mi and the open circles 
those of mass M\ The particles can be numbered in two differ- 
ent ways as shown in Figs 13 1 and 13 2 We use the second 
one, where w^e have assigned even numbers to solid dots and 
odd numfiers to the open circles This means that the equilib- 
rium coordinates of the particles with mass Mi are (27i l)d/2, 

while the equilibrium coordinates of particles with mass Mi are 
2nd/2 = nd 

|«— d,— 4«— dj— »| 

O d/2 • d/2 O d/2 • d/2 O d/2 • d/2 O d/2 * d/2 O 

M, Mj M, M, M, M; M, 

n-3 n-2 n-1 n n+1 n+2 n+3 n+4 n+5 

Flo 13 2 — -M Born's model for sodium chlonde 

The equations of motion of the two 1j pes of particles are differ- 
ent because of tlieir different masses If we denote the force on 
the nilh particle by F„, which is computed exactly a.s in Sec 8, 
Kq (8 0) or Fq (11 1), we obtain foi the equations of motion 


Ft 


n 




I 


( "Ay-., -f y-..-. - 2,j:..i) = 


(13 2) 


where yt is the dispbuemeiit of the A'th paiticle from its equilib- 
rium iiositioii l^'t us assume a wa\e solution to these equations 
of the following foini 


w here 


y.. = 

Vi..i = 


k = 2n(id 



w = 2irv 


a = 


1^ 

X 


(13 3) 


It should he noted that the first of Eqs (13 3) represents a wave 
propagating only through the particles of mass M., while the 
second represents a wave propagating only through those of 
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mass Ml The wave lengths and frequencies for a given dis- 
turbance must be equal The amplitudes of the two waves, on 
the other hand, are not necessarily equal They may differ in 
magmtude as well as in phase 

In order that Eq (13 3) may satisfy Eq (13 2), certain rela- 
tions must be imposed on the constants in the solution^ These 
relations are obtained by substituting the assumed solution (13 3) 
in Eq (13 2) The substitution yields 

= I -h /I, (•-**■ - 2.4,) 

A/, (-.4,01*) = -t- Aif-^' - 2Ai) 

The exponential term divides out of the first eciuatioii, 

while divides out of the second Making use of the 

relation 

c**, = 2 cos Ati 

and rearranging terms, ive obtain two linear cc)uations in Ax and 
■A, 

A,(A/,«» - 2f’",) -h 2.4, f ", cos A:, = 0 1 

A, (A/ , 01 * - 21’",) -I- 2.1,f"', cos kx = 0 I ' ' 

The condition that these equation*' gne nontmial solutions for 
A 1 and A, is that the determinant of the coeflicients of 1 , and A , 
shall vanish This condition gives us a relation between u and 
Ac, in terms of the constants of the lattice .1/,, A/., and L'",. 
Thus 

(Mxw^ - 2r",)(.l/,oi* - 2f'",) = 4f",* cos* kx 
or, expanding, 

(Ak AT ,) ^ hk 

This equation possesses two solutions for w* and hence two solu- 
tions for ti), since the frequency is always taken to be positive, r e , 
for each value of kx there wull be two values of the frequency, so 
that the w vs A:, curve will have two branches 


u* = U 


ft 

1 





4 

AM/^ 


(13 6) 


Substitution of Eq (13 6) into Eq (13 4) yields two equations 
for Ai and A, These two equations are, however, not linearly 
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independent and hence may be used only to determine the ratio 
A \/At, i\hich IS real The magnitudes and actual phases of the 
amplitudes for the two waves will depend on the initial conditions 


14. Electrical Analogue of the One-d^ensional Diatomic Lattice 

To construct the electrical line analogous to the one-dimen- 
sional diatomic lattice, we must use the classical method of associ- 
ation [Kq (12 1)] This means that since we have two masses 
in the mechanical model, we must have two mductances m the 
electi ical model We could generalize the problem treated in the 
preceding section and allow different coupling between the tw'o 
masses or, what amounth to the same thing, allow’ the distance 
lietween Mi and Jl/j to be different on the two sides of the particle 




•-2 *-i *■' _L _L *■' _L 


Vi 


--h -pc, -T-( 

<7 «r "T.'-' V ^ ~»l 


~rc. 


laj i/H V n,!' 


j: 


~r c. 


2n-2 

2n-\ 

2n 

2n+l 

2n+2 

2n+.^ 

Q2n-J 

*J2n-l 



l?2n+2 


^2n-7 

V?.-, 


'^2n*l 

^ 2n + 2 

'^2n+J 


tio HI — Elc<tri< hue rorrespoiiding to the nodium-ehlonde model 


TliH vsould gi\e an clcttiu line with condensers Ci and Ct alter- 
nating The coiidciisci Ci to the right of a gi\en conden.ser Cj 
would be joined to it bv an inductance while the condenser 
Ti to the left would be joined b\ an inductance Li This arrange- 
ment would, in geneial, be analogous to the mechanical model 
destribed in See 7 

The clet liic line is shown in Fig 14 1 As l)efore, u represents 
current flowing fiorn condenser (m — 1) to condenser rn as in the 
case of Fig 1 1 .1 The fundamental equations are 


■ I2n41 ~ 

dQi. 
dt ’ 

I2n4 1 

lin+S 

dQjn+i 

dt 

(14 1) 

dl 1 

V.n - 

1 ;»+i = 

Qin 

Qs*-!-! 1 

1 


~dl 


C, 1 

1 

(14 2) 

, d/:„ 


- r^. = 

Qsii-i 

Qin i 

I 

di 

Cj 

“ 1 

► 



Differentiating Eq (14 2) and combining with Eq (14.1) will 
yield 
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. !2n — t2fi + l _ 

~~di^ ~ Cr C, 

j d^ltn __ l2it-l — lln ^On — *?>i+l 

Ci c7' 

These two equations would be identical with Eq (13 2) for the 
diatomic lattice treated in the last section if 6’i = Ci and we 
replaced capacitance by the elastic constant and inductance by 
mass 

The solution of Eq (14 3) is earned out m e\actK the same 
way as that of Eq (13 2) We assiiine w ave solutions for and 
i 2 »+i with the same fieqiiency and wave number but with differ- 
ent amplitudes, as in Eij (13 3) 



ilB = 2. „+, = ‘'‘-I (111) 

Substitution in Eq (14 3) gives two cqualions liiusu in the 
amplitude.s 

These simultaneous lineai e(|U.ations m li iiul .1 . lane a non- 
trivial solution if their determinant vanislics 




(14 6 ) 


which reduces to 




+ 1 


siir k 1 
it 


= 0 (117) 


the solution of which is 




+ 


cj L 


sin’ k\ 

LyLiC \Ci 


(14 8 ) 
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This reduces to the expression (13 6) obtained for the mechanical 
case if Li = Mt, Lj = Mi, and \JV"i = Ci = Cj There will 
be two branches to the tu vs ki curve whether Li ^ Li or not, but 
taking Cl ^ Ca w ould distort the shape of the curves 
This problem was discussed by electpcal engineers' who did not 
notice the similarity with the one-dimensional NaCl lattice 
discussed by Born The problem originated from an attempt to 
join an aerial telephonic line with a city cable, as shown in 



Flu 14 2 — JuiirtiuM uf all aerial hue with an underground cable 


12 Lj Li Li 



Fig 14 2 In order to otitain a correct junction at 4, where the 
line IS connected with tiie lable, it would be necessary to load 
the cable viith etiual coils at a distance y, y. This results 

from two conditions that must be satished in order to match the 
line and the cable at their junction (1) to have the same passing 
bands, and (2) to have the same characteristic imiiedances (seo 
Chap V) The difhcultv was that the underground city cable 
was alreadv built to receive its loading coils at given distances x, 
X, The solution proposed consists m using alternately 

two types of coils Li and L- (Fig 14 3), resulting in a structure 

' FRENrn, N R , 8 patent 1,741.926, Dec 31, 1929, S P Mead and 

N R French, I' 8 patent l,769,0r)9, Julv 8, 1930 
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0 02 04 0( OJ JO 12. 14 16 10 20 22 24 26 28 3 0 32 3 4 3 6 3i 4 0 
^ U ^Le-y 

m*05 

Fio 14 4 — Curvee computed b> Mead and French Compare with Fir 7 1 

or .i 96 

practically identical ivith the one of Fig 14 1 Attenuation 
curves for different values of m [Li = mLa, A, = (1 — m)Ly,, 
La a constant] were computed and are sho\\n in Fig 14 4 
They are identical with the attenuation curies /3 shown in Fig 
3 96, which were obtained by Born for the XaCI structure, the 
theory of which wdl now be discussed 

16. Discussion of the One-dimensional NaCl Lattice 

In this section we shall discuss the motion given by the two 
branches of the to vs ki = k/2 curve with particular attention 
to the case ki = 0 and ki = +ir/2 The relation between u and 
fci IS given by Eq (13 6) 

[(i + v) ± 

or, rearrangmg terms, 

U"i 

" MiMi 

{M\ + Mz + + fl/,* + 2MiMz cos 2k\) (16 1) 
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Equation (15 1) is completely symmetncal in Mi and Afi, and 
we may therefore assume Mi the larger of the two masses without 
loss of generahty 

Ml > Mi 

The ratio of the amplitudes of the wqves may be obtamed from 
either of Eqs (13 4) Both give the same result m terms of ki 
Using the first, 

A I _ 2U"i - Mtu>^ ..... 

Ai 2U"iCoski 

and, substituting Eq (15 1) for w*, we obtain 

Ai _ Ml — Mi T y/ M i* + 3/i’ + 2M\Mi cos 2fc| / , e oi 
Ai~ 2MiCoiiki ^ 


The minus sign in (15 3) corresponds to the plus sign in 
Eq (15 1) or the upper branch of the u vs ki curve, nhile the 
plus sign of Eq (15 3) corresponds to the minus sign of E]q (15 1) 
or the lower branch It should be noted that the amplitude 
ratio IS abiays real; therefore, the waves may have only two 
phase relations phase difference zero if Ai/At > 0, and phase 
difference t if < 0 This is typical of a system without 

any resistance and with no damping 

For large wave lengths X, Jfcx — ► 0 as does h For this case we 
may set 

cos 2k I ~ ] — 2t|* = 1 — « cos k 

where 

ki = 2ir(idi = Tod = 

and the radical m Eq (15 1) becomes 


^.1/,* + Mi^ + 21/..1/, - I*) 


« (; 

and Eq (15 1) reduces to 
kH’"i 

2iMi + Mi) 




lower branch 






(15 6) 
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The subscripts + and — denote the sign used before the radical. 
Thus w- IS bnear in k near the origin as in the cose of like particles, 
C 0 + has a maximum at the ongm and decreases parabohcally as |A;| 
increases 

To interpret properly the meaning of a second frequency for 
infinite wave length, we must compute the amplitude ratio for 
small fci Substitution of Eq (15 4) into Eq (15 3) yields the 
following relations for small k (powers of k higher than the second 
are neglected) 


/dA A'il/, -3/, 

\A^)+ 8 A/. + M\ 

/dA _ Mj fc*A/, -A/s\ 
V4,/_ 8A/, + A/,/ 


lower branch 
upper branch 


(15«)) 


Thus the lower branch increa.ses parabohcally at the origin as |itl 
increases from zero At k = 0 



|fc|<<i (15 7) 


The waves corresponding to the lower branch have equal ampli- 
tudes and phase difference zero, thus all the particles are dis- 
placed by the same amount and in the same direction 'I’he 
wave length of each of the waies is mhnite, ami the lattice is 
displaced as a whole There i.s thus no restonng force, and the 
frequency is zero On the other hand, the waves for the upper 
branch are exactly out of pha.se, i e , the displacement of particles 
of mass Af] is opposite to that of the neighboring particles V /2 
Evidently the center of maas of two neighboring partiile.s is 
stationary, but restoring forces enter in so that the frequencies 
of the waves are no longer zero The lengths of the waves are 
still infimte since each wave is regarded as propagating through 
just one type of particle 

The values for k on the limits of the interval to which k is 
restricted are ±ir The two limits will be symmetncal, and we 
consider only the case 


k — T — ( = 2ki e small 


cos A; = cos (t — £) = — cos * » — 1 -|- 


2 


Then 
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and the radical in Eq (15 1) becomes 


t fif \/r \ 1 I ^ MiAf2 

- {Ml Mt) 1 + 2rJ/. - M^y, 


if {Ml — Ml) is not too small Substatution in Ecj (15 1) yields 


Mi 2(A7. - Ml) I 

, _ 2( ", f",«= 

Ml 2{M7- Ml) ) 

so that the upper branch increases parabohcally from 


(15 8) 


ln"i 

“ \ Ml 


while the lower branch derreases parabohcally from 


[ 21 ’’, 

\ M, 


as l«l incioases from zero It should be noted that <*,+ > «_ at 
(ho liniits of the intenal since A/, > A/;, and lietween these 
liniitinn \ ahio'' of u we ha\ e a stopping band to be dtscussed later 
The amplitude ratio at the ends of the interval is easily 
obtained )^’e ha\e 


: os k 1 = cos 


il-i) 


(since k = 2Ai), and theiefore from Eq (15 3) 


(■::l = 




-tA/..U. 
2Af.(A/, - Ml) 


0 (159<i) 


VKA ' ~ 


2{Mi - Ml) + 


j-MiMi 

2{M, - Ml) 


(15 05) 


as « — ► 0 The interpretation of these ratios is not very difficult 
We ha\e already seen that for the upper branch [(.4 i/.l;)-, u,*.] 
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the amphtude ratio is negative and different from zero at and 
near the origin Equation ( 1 5 9a) shows that it is negative near 
the ends of the interval |A| ^ »■ and zero at the ends Then for 
infinite wave length the particles oscillate in opposite directions, 
the lighter particles with larger amplitude As the wave length 
decreases, the amplitude of the heavy particles deci eases, and 
for the limiting wave length the bght particles oscillate while the 
heavy particles remain at rest 

For the lower branch [(. 41 /^ 45 )+, w-], on the other hand, the 
particles start out all in phase and with equal amplitudes for 
infinite w'ave length As the wave length decreases, the ampli- 
tude of the hght particles decreases, and they remain at rest for 



the limiting wave length while the hea\y particles are still 
oscillating 

These results are summarized in Figs 15 1 through 15 3 
Figure 15 1 shows u> as a. function of k for Mi > M; Figure 
15 2 shows the variation of the amplitude ratio for the two 
branches, and Fig 15 3 giAes the motion of the particles for the 
various cases discussed The arrows in Fig 15 3 indicate the 
amplitudes with which the two types of particles oscillate Figure 
15.3 shows clearly that the motions obtained for v\ and cj are very 
similar for vj the particles Mt arc all at rest, and particlc' Mi 
move in alternate directions For v^, Mx\s at rest and .If,, moving 
The forces involved are the same in both cases, since clianges in 
the distances between particles are the same, hence, the frequency 
ratio must be proportional to the square root of the inverse ratio 
of the masses 
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as is actually obtained 

The lower branch is frequently called the acoustical branch 
This name oomes from the fact that the frequencies in it are of 
the same order of magnitude as acoustical or supersonic vibra- 
tions The upper branch is frequently called the optical branch, 
l>ecau8e of the fact that its frequencies are of the order of magni- 
tude of infrared frequencies Further, if we thmk of the lattice 


M; M| M; Ml M| M; M, M; M, M; M | 
M,>M, 


**2 EQUIUBROJM 
POSITIONS 


•'--r-t-T'-t-'t- 
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BRANCH] y=y. 
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) K increasing 
y decreasing 
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*=ir 

v=v,<.v. 



i:^ 
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1 L t 

n I 

\ * I 

ffffm 



Flo IS 3 


acoustical! 

BRANCH ]V= 


ACOUSTICAL 

BRANCH 


decreasing 
y decreasing 
0 <!'<»', 


acoustical! ir=0 

BRANCH /I'sO 


as being composed of ions haMng alternate signs, eg , Xa"*" ions 
alternating with Cl“ ions, an alternating electric field could not 
p\cite the acoustical type of watc in which two neighbonng 
particles are in phase, "but it could excite the optical type and 
displace neighboring particles in opposite directions 

So far we have discussed only the passing bands of our lattice. 
We now consider the stopping bands These occur for fre- 
quencies between «i and w: and for frequei\cies above wi We 
return to Kq (13 5) 
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We may rewrite this m the form 

jMi+ M2 _ ^ , k 

^ / 2 

We have seen that as u incieases from zero to wi = Stpi, the 
expression on the right increases from zero to one If <j> increases 
still further, the expression on the right becomes greater than one, 
and fe/2 must become complex Let 


Then 


k = a -\- 


(15 11) 


k a i/3| 

Sin 2 ~ 2 2 2 2 


(15 12) 


and since this expression must be real, Me ha\ e Ihe condition thai 


cos ^ sinh ^ = 0 or 



(15 i;i) 


That is, R P fc = T = 2rad so that R P a = 1 ' 2(1 throughout 
the stopping band wi < « < «; R P means “the real part of “ 
Somewhere between ou and w; the exiiressioii on the light of Kci 
(15 10) reaches a maximum and starts to decrease It ecpials 
one at ois and is positne and less than one lielween us- and 
cjj At ua it IS zeio, and as increases still further, it lietonies 
negative In other words, Eq (15 12) becomes pure imaginary 
and therefore 


hin ^ co>li ^ = 0 


or 



(15 11) 


This means that 
Hence 


k = tjj = 2 -k(uI 

R P a = 0 


(J > <4)» 


Smce the real part of k i.s constant throughout both stopping 
bands and only the imaginary part varie.s, we have attenuation 
of the waves In the hrst rase «i < a> < oi™ at the low frequency 
end 0)1 of the stopping band, the light particles are at rest and the 
heavy particles arc in motion, neighboring heavy particles being 
just out of phase, and at the other end 0)2 the heavy particles 
are at rest with the light particles vibrating out of phase The 
motion 18 attenuated along the lattice (i c , the amplitude of 
the vibrations decreases from particle to particle) with an 
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attenuation constant that first increases with the frequency 
Someiihcre in the stopping band the motion changes from 
acoustical type to optical type, and as or increases the attenuation 
decreases until u = ui, where it becomes zero 

In the other stopping band u > wj'the particles are vibrating 
in opposite phase with the limiting wave length, This motion is 
attenuated with an attenuation coefficient that increases as u 
increases 



Curves of wave numlicr a and of attenuation coefficient j8 
against ficiiucncy arc shown in Fig 15 4 (Compare with Fig 
14 4 ) 

16. Transition from a Diatomic to a Monatomic Lattice 

4'he diatomic lattue discus.sed in the last .section is exactly 
like the nionatoinic lattice discussed previously except that two 
masses appeal instead of only one, i c , the distances Ivetween 
neiglihonng partules are all the same and the interactions are 
restneted to nearest neightiors 'fho diatomic lattice may be 
reduns:! to a monatomic lattice in three ways 

1 la't M: — 0 

2 Let l/i — « X 

3 Lel.Ui-^dfi 

The (list two iiiethoiU lea\ e the jieriod d of the lattice unchanged, 
while the hist halves the penod and lesults in a lattice d,2 = di 
VV'e shall discuss (lie three methods ni the order given above 
1 Lit . 1/2 — ► 0 In this case ui = \/2l ", .If, is unchanged, 
while Wi = ■\/2f "1 Ml and ojj = v^w,' + w»- both go to 
infinity 4 he width of the upper passing band goes to zero, for 



0 (16 1 ) 
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Thus the upper band rises and becomes narrower, finally dis- 
appearing entirely The lower branch remains, and we have a 

low-pass filter WTth period d = 2di left 

2 Let Ml — > 00 —Here wi = \/2U"i/Mi goes to zero 
remains unchanged and loj — ► Thus in the limiting^ case 

there is only a single frequency u>t = and this fre- 

quency does not really propagate Each of the light particles 
oscillates separately w^th frequency ui This corresponds to the 
case of a row of harmonic oscillators wnth no interaction, The 
heavy masses are responsible for the lestoring force on the oscilla- 
tors but take no part in the motion themselves The amplitude 



“ 2d, “ 4d, ° 2d 4d, 2d, “ 

fit. 10 1 

of the vibration is, of course, rcstncted to \ allies less than di, the 
light particles must not go through the hea\ y jiarticles 

Had we allowed interactions lietween second neighbois as 
well as nearest neighbors, we would have obtained in the himliiig 
case a lattice of coupled harmonic oscillators that would lead to a 
band-pass filter The single frequency present for inde|)endent 
oscillators w'ould spread out into a band, the lower branch 
present in the diatomic lattice w'ould still lx* mis.sing 
3 Let Mi—*Mi — This process is considerably more compli- 
cated than the previous two because a sudden change in the 
penodicity of the lattice is involved The original structure, 
with Ml > Mi, repeats itself after a distance d, but when 
Ml = Mi, the penod suddenly drops to di = d/2 Ix:t us 
first discuss the relation between frequency and wave number 
a = 1/X Tins relation was shown in Fig 15.1, which must be 
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understood as representing only one section of a periodic curve, 
as drawn in Fig 16 1. The central section (Fig 15 1) corre- 
sponds to — ir < k < r where k = 2irad as usual, and the com- 
plete curve 18 obtained when k takes any arbitrary value. 

When Mt = Mi, two changes must be made 
a The change in periodicity results in a sudden extension of 
the fundamental interval For a lattice with penod d, the w'ave 
number a has period 1/d, and its fundamental interval extends 
from — l/2d to -|-l/2d When the lattice penod changes to 
d] = dj2, the wave-number penod becomes 1/di = 2/d, and 
the fundamental interi'al is +l/2d| = +l/d, 

The following tabic summanzes the changes in a, k, and ki 



n t f 1 I*iin(lamental 

Penod for . . 

interval 


Ijattice 

a k ki k ki 

U, > M, 

Mx - M, 

1 

(1 

'll It 

\ d 1 -2 

, 2 : , (1S2) 

2 . , ±2. ±. 


where k = 2rad and kx = 2Tad| = k 2 

h Another change in the cur\e i.s that it must become a single 
ciir\e as in Fig 2 1 instead of the double curve of Fig 15 1 
The single curie is drawn as a dotted line in Fig. 10 1. assuming 
that Ml, Mi—* M = 2 \/.UiMi,'(Mi -h Mi) simultaneously 
All this can Iw olitaincHl from Eq (13 0), giving the frequency 
as a function of kx If we take 3/i = Mi = M, the formula 
reduces to 

w (2 sin* 

= 1 ± V^l — Sin* Iti = 1 ± cos Ai = \ , > (16 3) 

*1-1 In 1 

1 2 cos* "2 I 

Selecting the sine function, we obtain 

which IS identical with Eq (9 1) for the monatomic structure 
(Fig 2 4) The cosine curve duplicates the results and m its 
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middle part represents the upper curve of Fig 10 1 The sine 
and cosine curves intersect at a point that is the common limit 
of U] and bJ 2 



and the stopping band disappears 

Another aspect of this transformation refers to the description 
of the wave and of the motion of the particles of the lattice 
Referring to Eq (13 3), 

we see that the solution for the lattice (with Mi > M^) is 
represented as two waves, one propagating along particles of 
mass Ml and the other propagating along particles of mass My 
The wave nunilier ky is theiefore to 1 k> rcstni ted to values 
between — ir,'2 and +t/2 For the discussion of this section, it 
will be conienient to change our cornentions and obtain the 
solution (13 3) as a wave propagating through all of the particles 
This means that we must allow fci to take on values in the larger 
interval from — jt to t To achieve this we introduce two new 
quantities C and D, defined by 

,1. = r - /; = r + ' 'j 

Ai = C + I) = C A- I ^ 

From Eq (16 5) it follows that 

D ^ Ajj: A, 

C A\ + 1 , 

Equation (13 3) may now be wntten 

-2nki) £^^%\wt-2n(ki—r)] 

y2n^\ = IXi, rj 

and the sum of the tw o w aves 

Vm = + A " l "' -’"'*■-*^'1 (16 6) 

gives a single wave propagating through all (both My and .1/j) 
particles The two methods of representing the w ave are shown 
in Figs 16 2a to 16 36 Figure 16 2 shows the representation 


(13 3) 
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with two waves, one passing through each set of particles The 
a part is for the acoustical and the b part for the optical branch 
Figure 16 3 shows the ki and ki — r waves and their sums for 
the acoustical and optical branches in a and b, respectively It 




directior ol 



(III ACOUSTICAL BRANCH 



(i) OPTICAL BRANCH 
Fia 16 3 


should lie noted that the ki and Ati-it waves propagate in opposite 
directions, so that one may think of the wave propagating to the 
right as being partially reflected as it traverses each particle, 
thus giving rise to a disturbance that consists of a transmitted 
and a reflected wave 
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Id order to see clearly how the transition from the diatomic to 
the monatomic lattice takes place, we must refer to Table (16 2), 
which shows the mterval of variation for ki m both cases The 
origmal ky was restricted to values between —r/2 and t/2, which 
means that ky — -w vanes between — t and —t/2 for Ai > 0 or 
t/2 and x for ky < 0, since ky and ky + 2t are equivalent This 



extends the interval to — x, x as shown in Table (16 2) Tlie 
following scheme summanzes this transformation 



(A:i — X + 2x = ii + x) (16 7) 


This explains the correspondence between the different branches 
of the curves in Fig 16 1 

We have previously discussed the vanation of the ratio Ay! Ai 
for the different types of waves [Eq (15 3) and Fig 15 2] These 
same curves were drawn again m Fig 16 4a under the assumption 
of a very small difference betw'een the masses. 

Mi = Myil - t) f << 1 
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I 

j4 j 


Mi ^ r . 
" M] + 


2 coa ki 


t + ■\/2 + 2(1 — t) cos 2ki — 2e + e* 


2 cos ki 




^ T x/cos* klil - t) + 


cos ki 


iff 


2 cos 




cos fci > > € (16 8) 


since + fo*’ 2fci) = cos’ 

The plus sign gi\e8 the acoustical branch, and the minus sign 
corresponds to the optical branch The curves remain very 
near the honzontals ± 1 except at the ends of the interv'al 
These results can lie expressed m terms of the ratio D/C of 
our new waves (Eq (16 5)) 

Acoustical branch 


1 - — 
Ai 

"^■1 + 4^ 

A ] 


- * - + - 

2 cos fci 2 


2 + 


- j(l ^~r) (16 9) 

* 4 \ cos ki/ 


2 cos k\ 


The C wii\c IS dominant with a xcry small D wave 
Optical branch 


D 

C 


2 - 


2 cos kt 2 _ 


‘ + * 
2 cos kt 2 


(1 + — fc) 
\ cos fci/ 


(16.10) 


The D w'ave is dominant with a small C wave 

Here we see that in the limit Mi = Mi the descnption of the 
w'ave motion is much simpler with the C, D waves of Eq (16 6) 
than with the At, At waves previously used 

Let us allow ki to run from —a- to +ir as shown m the diagram 
16 7 For the acowhcal branch 
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D-^0 


while for the optical branch we obtain 


— T < ki < — 


^ < ki < r 


0 D^iO 


(16 11) 


(16 12 ) 


There is only one wave left (either C or D) almost everywhere 
except in the immediate neighborhood of k\ = ±ir/2, which are 
the branching points w here the curves separate in case M i > Mt 
and give place to a stopping band 

The example just discussed is very important, since it repre- 
sents the first instance of a general type of prolilem very often 


JUNCTION 

CONTINUOUS STRING I DIATOMIC LATTICE 

■ ■ K O X O X O X 

► INCIDENT WAVE 

— »- TRANSMIHED WAVE 

REFLECTED WAVE -* — 

Eio 1C 5 

encountered on other occasions Here it wa.s possible to follow 
the transformation from the unperturlied case .1/ 1 = • = M 

to the perturbed problem Mi ^ Mi in all details This is not 
always possible, and the method followed in more conijilicated 
problems will be to start from the uniieiturlKHl C, D plane wa\es 
and to make linear combinations of tliimi [as in JCcj Mtifdj 
before discu.ssing the perturbation near the branching points 
Such examples may be found in connection with electromagnetic 
waves (X rays) or with electronic De Broglie waves in crystals, 
w’hen the periodic distnbution of atoms m the crystal lattice 
can be treated as a small perturbation 

One more remark should be added to show the connection 
between passing or stopping bands and reflection of wares If a 
continuous line capable of transmitting all frequencies is joined 
to the diatomic lattice (see Fig IG 5), the coefficient of reflection 
at the junction will depend on the frequency incident from the 
continuous line If the frequency is m one of the stopping 
bands of the lattice, total reflection will occur; i c , 

R = coefficient of reflection = 1 
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while for a frequency in a passing band both a reflected and a 
transmitted wave will be excited. The coefficient of reflection 
will be less than one, and the actual value v.nll depend on the 
characteristics of the lattice in this case 

17. The One -dimensional Lattice of Polyatomic Molecules 

To treat a lattice of polyatomic molecules, we divide the lattice 
into cells A cell contains one period of the lattice; i e , if we 
start out wnth atom 1, then the first cell consists of atom 1 to N, 
where atom + 1 has the same relation to atom AT + 1 + m 
as atom 1 has to atom 1 -f- m Hanng defined w hat we mean by 
cell (in general, the same as molecule, unless the molecule itself 
po.sscs.ses a periodic structure that is a period of the lattice), we 


CELL (n-2i CELL (n-1) CELL n CELL (n+1) CELL (n+2) 










in ' ii 

d 

in f ! ^ 

r- . 

121 r k ■ 

1*3 J » 

1 "5 1 » 



Lio 17 1 — A row of polj atomic molorulei 


change our notation slightly We number the atoms in a given 
cell from 1 to A' The cells are also numbered, n bemg used to 
denote an arbitrary cell and n + p being the number of the pth 
cell to the nght of tell n The notation is illustrated in Fig 17 1 
The cros.scs indicate the ctiuilibnum positions of the atoms, and 
the \ertical lines the positions of the first atom in each cell, i e , 
the boundaries of the cells Me fake the length of a cell to be d 
M’e shall assume sniiill displacement.s of the atoms when a 
wave propagates along the lattice and also shall a.s.sume that all 
interactions are ela.stic M e shall not limit the distance at w hich 
interact ions occur The force on atom r in cell n due to atom s in 
cell n + p IS therefore 

/• r,» + p,i = f*pr«(y»+p.l r) (17 1) 

where Cp,. i.s the interaction constant and is independent of n 
It follows that the force on particle s in cell n + p due to 
particle r in cell n is 

/•+p,i »,r — (7_p.r(j/« r Ifp+P.*) 

According to Newton's third law 


(17 2) 
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and substituting Eqs (17 1) and (17 2) into Eq (17 3), we obtain 

Cpriiyn+p t l/«.r) = C—ptriy^.T 

or 


We take 
since the term 


Cpr, = C-p„ 

Corr = 0 

Corr(y.,r'- y»r) =0 


( 17 . 4 ) 
(17 5 ) 


and does not enter any of the calculations 

The total force acting on particle r in cell n will be given by 

/«,r = ^ ' »+P • ~ ^ S Cprifl/n+p • I/ii.r) 17 6) 

pi P t 

We assume a wave solution to Eq (17 6) of the form 

y, , = (17 7) 

i4r 18 to be complex so as to contain the phase difference of particle 
r with particle 0, while x is (he distance of the origin of the cell from 
the origin of the lattice 

X = nd 


We may thus ivnte Eq (17 7) in the form 

= 01 S) 

yn.T therefore has period 1 /d in a and 2 t in k as in Sec 4 This 
means that k may be replaced by fc' = fc + 2irp without affecting 
the solution Substitution of Eq (17 8) mto Eq (17 6) gives 

fn.r = £ Cpr.iA.e-'^” - Ar) 

P»» 

= Mr (17 9) 

from which we obtain the following relation between u and Jfc. 

2) Dr..(k)A, = - uWrAr (17 10) 
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where the function D,,,{k is defined by 

^ Cpr.er'^^ r 9^ 8 

DrAk) = - 2 + S 

P* s 

The sum over « is to be taken over aU atoms m a given cell and 
the sum over p is to be taken over all the cells 
The acoustical branch gives j 4, = >4. at fc = 0, and hence 

u’M, = ^ D,.(0) = X ^r..(0) + D,,(0) 

i 

Cp,, — ^ Cpr. + ^ Cprr 

tr‘r p pt p 

= V Y c - V C =0 

«^r p pt^r 

w = 0 

For othci values of k wo write Eq (17 10) as 

2[Dr.ik) + u>m,6,.]A, = 0 (17 12) 

f 

where fi is the Kroiiecker 5, defined by 





r 7^ 8 
r = s 


Eiiuiiticm (17 12) gives N linear homogeneous equations for .1,, 
and the condition that thov be consistent is that the determinant 
of the c(K*fficients vanish, i r , 

/J,.(A) + = 0 (17 13) 

Equation (17 13) is an equation of degree A' in u*, and hence 
there will lie A’ values of u* for a given k, i e there will be AT 
branches in the u vs. k curve or the p vs o curve One of these 
branches will lie the acoustical branch and the remammg 
(N — 1) will be optical branche.s w’ will be a periodic function 
of fc since Dr,(k) is a periodic function of k 

If we let A^ — * ac , the number of optical branches becomes 
infinite, since we must have the total number of branches equal 
to the numlier of degrees of freedom of the system The lattice 
will become a continuous string with some sort of periodic struc- 
ture We shall discuss the problem of the continuous penodic 
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stnng in a later chapter If the string is continuous and uniform, 
ci7 16 a hnear function of k Figure 17 2 shows the general appeal - 
ance of the u vs k curves The dotted curves are u vs k for a 
uniform continuous string 

The transition from the uniform continuous stnng to the con- 
tinuous string with periodic structure (a loaded string, foi 
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instance) is one of the problems of pei iodic pei tin batioii sketi lied 
at the end of Sec 16, and for the discussion of wiiii li the example 
of Sec 16 will be used as a model The change from the \ -shaped 
dotted curve in Fig 17 2 to the waw curies occurs in a way 
similar to the change from the single dotted sine curie to the tiio 
solid curves in Fig IG 1 


CHAPTER -V 

ENERGY VELOCITY, ENERGY FLOW, 

AND CHARACTERISTIC IMPEDANCE 

18. General Discussion , Phase Velocity 

So far we have discussed infinite lattices only If we wish to 
apply our results to a finite lattice, we must add forces at the 
ends lliat will satisfy the boundary conditions At the left end 
we must ha\e a source of energv' that will supply to the first 
partiile the power that would have come to it if the lattice had 
extended indefinitelj to the left Then the propagation will 
dejiend on the frequency as noted at the end of Sec 16 On the 
right end we must ha%e a de\icc that will absorb the energj' 
that would hn\e been absorbed by the omitted portion of the 
lattKc extending indelinitelx to the nght To set up the bound- 
ary conditions rigorou^h lequires a discussion of the energy 
derisitx, energy flow, and energy velocity in the lattice This 
discussion will be earned on in the next few sections 

The one-dunensional mechanical lattue is an academic rather 
than a practical problem, and the only important instance of 
oiu‘-dimensional structures is found in electric lines, a discussion 
of which will be given in detail in the la.st chapters It is, how- 
exer, xery useful to know lioxx to set up the boundary conditions 
for the aiqilu ations of the theory to txxo- and three-dimensional 
lattice's The method dexelo|K>d in this chapter is general and 
will be extended later to these problems, but it is easier to under- 
stand m the one-dimensional case 

The pioblem,s di.scussed are closely connected xxith the prop- 
erty of the structures of exhibiting c/ispcTsion The w ax'e velocity 
defini'd in the preceding chapters is knoxxn os phase velocity, 
since it IS obtained from a eomparnson of the relatixe phase of 
the o,scillation.s of two neighboring atoms This phase velocity 
IS the one to be used in formulas like 

X = Vr, F = ^, v = l, a = l (18.1) 
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where t is the period, v the frequency, X the wave length, and a 
the wave number A dispersive medium is one for m hich the 
phase velocity V depends upon the frequency v of oscillations 
Many classical problems of wave piopagation do not exhibit any 
such variation Maxwell’s equations of electromagnetism in 
vacuum lead to the equations of propagation of light and yield a 
constant velocity of propagation Such is also the case for the 
standard equations for the propagation of sound waves, which 
result from a number of simplifications practically eliminating any 
frequency dependence of T In such coses there i*- no difficulty in 
defining the velocity with which energc' is transmit Usl through the 
medium by the wave motion This velocity is simjily ei|iial to V 
When, however, the transmitting medium is dispersn e, the defini- 
tion of energy velocity requires spi^cial attention and will be found 
to differ from phase velocity This results from tlie fact that sine 
w'aves extendmg from — « to -f * are the only wa\es to be 
transmitted w ithout a change in their shofM' Short signals or 
short impulses are distorted while thev travel thiough the 
medium, and this distortion makes it difficult to define their 
average velocity This is where the concejit of group velocity 
comes in A group of waves, oi a imve packet (m the* language of 
wave mechanics), is a signal of finite length, comprising only a 
limited number of wave lengths We shall discuss the proiHirties 
of such groups and the veay in vchich they propagate thiough the 
medium and then compare the average velocity of the group with 
the energy velocity obtained from other definitions 


19. A Theorem from the Theory of Complex Variables 

Following a method very commonly uses!, conqilex exponentials 
were intrcxluced to represent vc a\ es or oscillations Foi instance, 
the displacement and velocity of a particle in a w a\ e w ere w ritten 

y = y = = 2Tni'.lc 


respectively Time derivatives are indicated bv' dots over the 
function The order of the derivative is given by the numbei of 
dots 



d^y 

^ - V, etc 


It must be recalled that such expressions should always be pie- 
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ceded by the sign R P , meaning that only the real part of the 
quantity is taken into consideration, viz , 

y = A cos 2r{vt — ax), y = —2rvA sin 2T(yt — ax) 

As long as we were working wnth equations linear in y,y,y, . . , 

we could drop the R P sign. But this is no longer allow'ed when 
double products or powers are encountered, since yy, for instance, 
means 


yy = —2tvA^ cos 2t{vI — ax) sin 2T(vt — ax) ^ 2vivA*e*''' 

This question will now lie discussed 

Wo shall require the time avciage of the product of the real 
parts of complex flint turns on numerous occasions There is a 
simple way of doing this liy the following equation 

nV fxRP.F = ViR P iff*) (19 1) 


where / and F arc complex functions of time of the form 

/ = /oc “— F = (19 2) 

The star means "complex conjugate of” Note that the time 
(leiieiiilencc of the two function-i is the same 
Be now prove tliat Eq (19 1) is an identity 


R P / X R P E = /cEo cos (wt — cos (u( — 0) 

I f' 

= f(Fa ~ I COS (ul — tp) COS {u>l — <l>)di, (19 3) 

Jo 

where t is the period of / and F and is equal to 2t/w We may 
expand the integrand in Eq (19 3) and obtain 


R P / X R P F = j cos (w< — ip) COB ((at — if ip — 4>)dt 
T Jo 

= - / COS ((at — (p) 

^ Jo 

[cos ((ot — <p) cos (<p ~ ^) — sin ((at — Ip) sin (ip — ^)l«ff 
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We replace by ^ in the above so that 

HP /xRFT = r 

T Jo 

[cos 4' cos* (ul — Ip) — sin ^ sin («< — ip) cos (ut — ip)]dt 
The second term m the integrand becomes zero on integration, 
while the first term gives ^ cos Therefore, 

KTTxWF~F = J/oA’o ^ cos = i/oFo cos ^ i R P iff) 
since 

JF* = = foFoe‘^*-*'‘ = 

which proves the theorem. 


20. Energy Density, Energy Flow, and Energy Velocity 

First, MO discuss the pneig.v density and derive a mathematical 
expression for it For the moment we sliall conhne ourselves to 
the monatomic lattice Mith jutcracttom between nearest neighbors 
only The theory of \\a\e propagation iii such a medium was 
discussed in Chap III, Secs 8 and 9 

We shall reqiuie the following relations, already derived in 
Piqs (8 8), (8 10), and (9 2), for the discussion 




— itr») 


k = 2irad 
k 


, 2U" . . 4f " , 

= (1 ~ cos k) = Hill* s 

m m2 

W = phase velocity ~ ^ ~ ^ ■ 


(20 1 ) 


sin fc/2. 


k/2 


We shall temporanly drop the .subscript on f "i 

The average energy density of the lattice will be the sum of 
the average potential-energy density and the average kinetic- 
energy density The average potential-energy density i.s the 
average potential energy per cell divided by d, the length of the 
cell Thus 


^ J R P i (y, - y„_,)i (20 2) 

and since 

y» — y^-i = R P - e“) 
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^ ^ ^ P (y- “ y— i)(y» - y— i)* 

iff" A ^U" 

= ^ ^ (2 - e- - r-) 

= 2(1 - cos it) = ^ sin* I (20 3) 

The average kinetic-energy density is obtained in a siirular 
manner, it is the average kinetic energy per cell divided by d, the 
length of the cell 

Eil = R P J ^ mCT (20 4) 

and since 

y, = R P = R P Aj^ = R P 

we have 

-E2 = RP = li I ('yn)(*yn) * = (20 5) 


Making use of the equation for u* as a function of k in Eq (20 1), 
we find that llq (20 5) reduces to 


-P- viA-Al" ,k 
Aku, = - ‘iin- O 

4d m 2 


/ " 1 2 I- 

sm= ^ = rZ. (20 6 ) 


The total energy densitv therefore is 


-R = 


21 " 

d 



(20 7) 


We shall need this relation later when we discuss the energy 
\ ehu ity 

The energy flow from one cell to the next will l>e the average 
power absorlied by the second cell from the first With the 
first cell as cell n, this will lie given by the negative product of 
the real part of the force/, ,+i on cell n due to cell n -|- 1 and the 
real part of the velocity of the particle in cell n (for the case of 
the monatomic lattice) The negative product must be taken 
since/, ,+i is a force acting on particle n, and hence the positive 
product would lie the power furnished while the negative product 
would be the power absorbed by particle n 1 We have 
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U.n+\ = U''iyn+l - Vn) 


(20 8 ) 


The average power 4> (time average) absorbed by cell n + 1 is 
thus 

4> = -R P /, ,41 X R Vn = - ^ R P (/„,« + iyn*) 

J'ff 42 

= --!-^RP (c-^ - l)(iw)* 

A 

= — 2 — R P « — t(l — cos a)] = - 2 — sin k (20 9) 

Substituting the \aluc for ( 1 ) gi\cn in Eq (20 1), 

4> = V'A^ - sin t sin k (20 10) 

\ m ^ 


The energy' flow gives us the energy passing from cell « to 
cell (n + 1) per unit time A quantity clascly connected with 
this is the energy vcloaty It ls defined as the eneig\' flow 
divided by the energj’ density and gives the rate at which energj' 
flows along the lattice We denote the energy velocity by L\ 


l\ = 


E 


I - > 

\ m 


sin k sin 


f 

2 sin^ 

a 


k 

2 


k 

2 



(20 11 ) 


The energ 3 " velocity can always Ih‘ defined, e\en if absorption is 
present The meaning of Kq (20 11) will ap)>ear dearlj if it is 
compared with the formula giving the flow of matter m a fluid 
let p be the density of the fluid and v its velocity '^I'hc flow of 
matter is # = pv, hence the ratio 4>/p is the \elocitv of the fluid 
In a similar way the ratio ^/E of energy flow to energy' density 
obviously yields a velocity that is the velocity with which energv' 
IS flowing through the system More detailed explanations and 
examples can be found in a report by the author ‘ 

21. Group Veloaty and Propagation of a Signal 

Having explained in Sec 18 the meaning attached to the 
expression “group" or "wave packet," we may immediately 

' "Congrte international d’^let Incite," Pans, 1032, vol 11, p 730 
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proceed to the discussion of the simplest example, obtained by 
considenng the wave motion due to the superposition of two 
sine w'aves of frequencies vo ± Ai* and equal amphtudes A The 
wave Vo + Av has wave number ao Aa, while vo — Av has wave 
number flo’— Aa Thus the wave vo‘ — Av has the equation of 
motion 


]/- = A cow 2ir((vo — Av)i — (oo — Aa)iJ 

while the equation for the w'ave vo + Av is 

J/+ = A cos 2t[(vo + Av)/ — (ao + Aa)x] 

To obtain the rcwultant motion, we add the two disturbances 
iilKcliraicully 

y = ij- + y+ = A {cos 2 t[(vo — Av)l — (ao — An)!] 

4- 008 2t[(vo + Av)t — (ao + Aa)x|) 
= 2.4 cos 2r(p,J — Otti) co> 2»(Av t — Aa x) (21 1) 

This representvs a modulated watte with an average frequency vo in 
the earner leaec 

cos 2r(poi — OoJ) (21 2) 

and a slowly variable amiilitiide considered as the modulation 

1 cos 2)r(Av t — Aa i) (21 3) 

The ]ihase velmity of the earner wave is 

V = - (21 4) 

Qo 

In the same way the modulation is seen to move with a velocity 
gnen by Av Aa In the limit when the two frequencies become 
equal, 

d V 

I e — ( 7 ™ up velocity = — (21 5) 

oa 

There is no difficulty in defining as long as the medium is 
purely dispersive, t e , v = v{a), but if absorption also oc'curs, a 
becomes complex or imaginary and the group velocity ceases to 
liav^e a clear physical meaning 

So far we have assumed zero coefficient of absorption in the 
monatomic lattice Therefore, 
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Thus if no absorption is present, the group velocity and the 
energy velocity are the same However, the group velocity 
breaks down for cases with absorption, while the energy velocity 
can always be defined 

The motion represented by Eq (21 1) is best described in the 
following way It consists of a succession of wavelets (21 2) of 
frequency po and wave length 1/Xo At a certain instant of time 
the average amplitude of these wavelets is given by the modula- 
tion (21 3) If we do not pay attention to the detailed motion of 



the wavelets and look only at the average amplitude distribution, 
we see this amplitude curve (21 3) mo\e forward with the group 
velocity l\ But if we look at the phenonienoii rnoie carefully, 
we notice the wavelets moving inside the eineloiie (21 3) with 
their own phase velocity Y (Fig 21 1) A well-known example 
of such an appearance is found when surface waves are created 
by throwing a stone into a pond The preceding example is just 
one among many .similar ones, and the results obtained are to a 
large extent independent of the shape of the group or of the type 
of the modulation curx'e It is characterized by the following 
feature The modulation curve propagates without distortion and 
exhibits a wdl-defined velocity The absence of distortion is 
obvuously connected with the absence of attrnvahon In an 
absorbing medium with attenuation the definition of a group 
velocity loses its accuracy 

Furthermore, the absence of distortion can be obtained only if 
the wave packet results from the superposition of elementary 
waves whose frequencies he within a small interval In the 
preceding example we had just two frequencies po + Ap and 
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Vo — Av within a finite interval 2Av We should find similar 
results with wave groups obtained by superposition of any num- 
ber of waves with frequencies witliin a given interval Av In 
other words, the Fourier analysis of the group must yield a 
spectrum of.finite length, which in the limit can be made infinitely 
small and can allow for the transition from Av/Aa to the deriva- 
tive dvjda of Eq (21 5) 

There are other tyjjcs of gioiips oi signals whose Fourier spectra 
extend from — ® to -(- * m the freiiiiency range For such 
signals it IS impossible to go to the limit Av — » 0, and the defini- 
tion of a group velonty again loses its accuracy This results in 
the fact that the modulation (unc progressn ely changes its 
shape in the course of propagation and is moie and more dis- 
torted as time goes on These general remarks will lx; illustrated 
in a few preci'C examples, wheie we shall use some well-known 
formulas iniolviiig Fouriei integrals I^et C{t) be an even func- 
tion of time and B{v) its fiequency s|xictrum 

C{i) = C{-t) 

'riieii the Fourier tiansformation rends 

C(f) = ( B{v) cos2rvt (h\ 

7 : 121 7) 

^(*') ~ / ^(0 cos 2tv/ lit I 

The last formula obxnously yields B as an ex en function 

B{v) = B{ — v) 

and the reciprocity between C and B results m the follow mg 
statement If a signal (’(0 has a s}K*<tium /f(vt, then a reciprocal 
signal B[l) will oe reiiresented bx a 'iwctniin r(v) We may use 
the signal C(i) as a modulation curve on a cairier oscillation of 
freiiuencv vo, and we obtain a nexx even function 

C \(t) = C(t) cos 2irvol (21 8) 

'flic fretiuency spectrum of Ci is easily obtained 

fii(*') = j C'lCO cos 2rvtdt = j_ ^ C(l) cos 2irv< cos 2TVof dt 
~ ^ J C(t)[cos 2 t(vo + v)t -f- cos 2 t(i'o — 

= I [Bivo + v)+ fl(v„ -*-)]= ^ [B{v+ Vo) + B(P - vo)] (21 9) 
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SPECTRUM SIGNAL ENVELOPE 

(modulation wave) 

Fio 21 2 

Bi(v) 18 again an even function of p The spectrum B(t') of the 
original signal is centered on the ongin 0 The new spectrum is 
obtained by the average of two such curves, t ran, slated liy + vo 
Let us give a few' examples of Fourier transformations, coi re- 
sponding to the reciprocal curves of Fig 21 2 

Speclrum B(y) Signal C{t) 

I Rectangular 


S(v) 


1 1 IH < »'i 

|0 Ipj > Vi 


II Triangular 


C(0 


2vi 


sin 2 tj'i( 
2irvil 


(21 10) 


R(p) 


|l |,|< „ 

[o ]y\ > vi 


f <0 (2111) 


Both signals exhibit a finite spectrum, while the signals them- 
selves extend from I = — « tof = « with a strong maximum 
at t = 0 The reciprocal signals would be finite signals (rec- 
tangular or triangular) B{1) with inhmte spectra C{v) 

We now want to prove that a signal with a finite spectrum 
propagates in a way similar to the lieats of Eq (21 1) I,et us 
take a C(t) modulation impressed upon a vo carrier, os in Eq 
(21,8). We assume this motion to be impressed on the atom at 
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X = 0, and we compute the motion at a distance x from the 
origin This means only replacing 

vt by vt — a(v)x 

where a(y)' is the wave numlier 1/X as a function of v for the 
transmitting medium Taking our modulated signal (21 8), we 
obtain according to Eq (21 9) 

f’lfO = Bi(v) cos 2irvt dv = 2 Bi cos 2irvl dv 

= [B(v + Po) + B{v — Vo)] cos 2xvtdv (21.12) 


Let us write 


V = Vo + p Vo > Vl 


Then, for both examples (21 10) and (21 II), the first term in 
B{v -(- Vo) IS always zero, and we find 

C.(0 = B(a) cos 2ir(vo + n)tdn (21 13) 

- *'1 


This IS the motion of the jKiint at the origin j = 0 For a point 
at distance i we olitain 

Cii^.j) = j Bin) (os2t[(vo + is)l — a(yo + |^)x]d^l (21 14) 

Hut Vl i.s supposed to be small enough to allow for an expansion 


a(vo -\- n) = a(vo) + n 


( 

\(?v/o 


111] < Vl t21 15) 


Hence 


(vo + n)t — ax = vo< — OoX + 




lOxpanding the co.sine m Eq (21 14) and recalling that B is e^en, 
we obtain 


Ci(/,x) = cas 2x(voi 


= cos 2x{vJ, — aoT)C ~ 


B(m) cos M d*i 


(21 10 ) 


This IS the result announced Individual wavelets propagate with 
their owm phase velocitj" as shown by the cosine term. The 
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modulation curve C moves along without distortion 

ivith group velocity (21 5) 

The proof rests upon the assumption of a finite spectrum whose 
limit Pi can be taken small enough to use hjq (21 15) Signals 
with an infinite spectrum are always more or le.ss distorted 
The results are plotted on the curves of Fig 213 The upper 
curve is the familiar one of v against a, as in Fig 2 4, for the mona- 
tomic lattice with interactions between nearest neighbors only 



If a point M is taken on the luiie, the absolute value of the 
slope of a chord OM gues the phase \elinily V = v/a, while tlie 
tangent at M yields the group \elocity ( = Bv'da ('lines for 
V and U as functions <if a are gneii at llie bottom 7'he V 
curve does not exhibit any singularity at a = l/2fl (cf discus- 
sion of Fig 2 2), but the group \eloeitv f drops to zero on the 
limit ±l/2fl of the interval, a feature that checks very well with 
our description of these limit waves as standing waves (Secs 2, 1, 
and 9) 


22. Prelimmaiy Defimtion of Characteristic Impedance 

Impedance for a mechanical system is definisj as the ratio of 
force eiterted to velocity In dcscussing periodic lines, t r , lat- 
tice structures with cells that repeat themselves periodically or a 
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continuous line with a penodic structure, we mean by character- 
istic impedance the ratio between force and velocity for a smgle 
sine wave at the entrances or exits of the cells For an infinite 
line, along which a single wave is propagated, this should be the 
same for all cells The same is true if the hne is finite but has 
been provided with suitable forces for absorbing and furmshmg 
energy, so that, except at the ends, the hne behaves as though it 
were inhnite Obviously, a determination of characterustic 
impedance gives us the impedances that must terminate a finite 
line if it IS to behave as an infinite line exhibiting no reflection 
In this section we shall consider only the lattice consLsting of 
like particles with interactions lietween nearest neighbors only 
I'hen the characteristic impedance is giv'en by 

/„„+,= -Zi/„ (22 1) 

whcre/„ „+i is the force exerted by particle n + 1 on particle n, 
i/„ its velocity, and Z the impedanic From the earlier discus- 
sion of the problem [if Eqs (20 1) and (20 8)] 

= df'-" 

/„Mi = ( "(Vs.i -y.) = ( "yAe"^ - 1) 
i/„ = iuy„ 

and therefore 

Zio, = I "(1 - C-*) = ( "(1 - cos ^ -f ( Mil k) (22 2) 
\\ e allow Z to be complex and set 

Z = Zr+ iZ, (22 3) 

Iviiuatiiig real and iniaginaiv parts in Imi (22 2). we obtain 

r' , 21" .k \ 

-- (cos ^ - 1) = Sill- „ I 

(t) iti Z I 

= — \/f "in sin 2/ (22 4) 

V" , 2C" k k k \ 

— sin k = sin _ cos = V < ros „ I 

0) tij Z Z Z I 

on making use of w = 2 \/( ’"/m sin k , 2 With the i Csults of the 
last section, 

VI 

Zr = l\ I'., energ>' velocity (22 5) 
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We can interpret Zr and completely by replacing 
r"(l - ciKs k) 

by C and noting that C is always positive Further, Z, is posi- 
tive for the fundamental interval — t < k < r, since cos k/2 is 
positive in this region 

C 

fn.n+l = -Zy„ = -ZrV. “ tZ.y, = -Zry. + 1 - !/» 

Cl) 

= — Z,V. — — y. = -Zrji, - Cy, (22 6) 
tu 

We have now split the force acting on mash n into two parts the 
first term gives a viscous force and the second an elastic force 

— e| — ^ ^ — €| — e| — ^ — di — €| — 0- 

ASYMMETRIC CELLS 

^ 0 0 ^ ^ 0 (t> ({) - ({) 

SYMMETRIC CELLS 

Fio 22 1 

There is a disadvantage to tlie treatment we lia\c just gi\en, 
we ha\e taken tlie cells to contain a whole parlule at one end 
If W’e try to find the impedance at the other end of the cell, we 
run mto a difficulty liecause there is nothing there to exert a 
force or to have a velocity, since the cell must contain exactly 
one penod of the lattice The cells, as we have chosen them, 
are asymmetric and do not lend themselves conxeniently to 
impedance considerations 

The difficulty may be obviated by defining the cells differently 
and making them symmetric We take the cells to be of length d 
(where d is the distance between the particles) as before, but we 
associate w'lth the cell half of each of the masses at the ends 
This makes the cell symmetric The symmetric and asymmetric 
cells are shown in Fig. 22 1, where the vertical lines denote the 
boundanes of the cells in the two cases Figure 22 2 shows a line 
composed of symmetric cells and terminating on an impedance 
Z. 

Let us find this impedance Z, at the right end of the cell 
containing half of mass n — 1 at the left and half of mass n at the 
Tight end The force on mass n due to mass n — 1 is given by 


ELEMENTARY 

CEa 


m 


Am 
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— y»), and the impedance term is —Z.yn Therefore, 
the equation of motion at the right end of the cell will be 
U''{y^i — y,) - Z,y„ = (22 7) 

The force due to mass n + 1 is thought of as actmg on the half of 
mass n in the next cell to the right If that force were added to 
this, we would find exactly the equation of motion obtamed 
before, the impedance would have opposite signs for the two 
halves of mass n and uould cancel, so that the solution for y„ 
would be the same as before Substituting the solution m Eq. 
(22 7) gives an equation for Z, 

f"(c‘* - 1) - ujZ. = KwiM* = (22 8) 

We want to show that Z, gives rise only to a viscous force in 
this model, and that the elastic force has already been explicitly 

n-2 n-1 n 

^ VWWV ^ WWW » -Z,y„ 
m m 1 m 

A LINE WITH SYMMETRIC CELLS AND 
TERMINATION ON A CHARACTERISTIC IMPEDANCE Z, 



ELECTRICAL ANALOGUE 

!• If) 22 2 

included, le, we now have Z. real Equatmg the real and 
imaginary parts of Eq (22 8), wc obtain 

Z, = -- sin \ = y/ V'm cos \ = Z, 

r" r" h 

2 -- (1 - CO-, it) = 4 - - Mn= ^ 

VI VI 2 

The imjiedanc-e at the other end of the cell is easily obtamed in 
exactly the same manner The equation of motion wnll be 

( ’"(l/- - !/— i) + Z,y^i = 
and Eq (22 8) w ill lie replaced by 



^"(e'** - 1) + tuZ. = 
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from which we obtain 


U" 

Z, = — Bin k = 




(22 10 ) 


Summanzmg the whole discussion, we have found that if we 
wish to end the hne w'lth particle n (mass m) on the right we 
must use asymmetric cells and apply an impedance Zr + iZ, 
where Z, is the viscous force and Z. is an elastic force If such 
an impedance is applied, the remaining masses will vibrate 
exactly as if the lattice were inhnite If we wished to make mass 
n the last mass on the left, we should have to take asymmetric 
cells with masses on the left instead of on the light end of the 
cells 

On the other hand, we may take symmetric cells and take 
particle n with to be the end of the lattice, either on the 
right or on the left The remaining masses will vibiate as if the 
line were infinite if we apply only a viscous force w ith impedance 
Z, to the remaming half of mass n, and the elastic force Z, 
occurring in the case of asymmetric cells is automatically taken 
care of by remo\ung half of the terminating mass 

We may make a few remarks on the low^-pass electric line of 
Fig 22 2 Using the classical analogy 


w e obtam 



or, for infinite wave length, 



(22 11 ) 


L and C are, of course, to be taken as inductance and capacity 
per cell, respectively, though inductance and capacity per unit 
length of line give the same result since the ratio is the quantity 
occumng The impedance of electnc lines wull be discussed in 
detail later. 
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The energy flow through the lattice was defined in Sec 20, 
Eq (20 9), by the formula 

<!> = -RP X RP = -HRP (fn.n+^n*) 
and now we obtain the characteristic impedance from Eq (22 1) 

fn,n+l " Zyn ^ 

C-'omparmg these formulas, we find 

<!> = 1-^ R P (Zy„y„*) = ^Zrly„l> (22 12) 

This yields a relation between energy Jlow and the real part of the 
characteristic impedance, and it must be emphasized here that this 
leal part Z, is the one upon which all our chfferent definitions 
agree simultaneously 

At the limit of indefinitely long wave lengths, our formulas will 
reduce to the well-known ones for a continuous structure We 
have alieady discussed this transition in Sec 9 and obtained 


e = dV'i 

elasticity modulus 

(9 3) 

m 

^ = -d 

density 



phase velocity 

(9 3a) 


In the same way we hnd now 

z" = Vrr^i = V7p\ 

When there is no dispersion and T is a constant, then, of course, 

da a 

The group velocity is equal to the phase velocity The formula 
(22 13) foi the characteristic impedance is the usual one 

23. Junction of Two Lattices 

We are now in a position to discuss the behavnor of waves at 
the junction of two monatomic lattices with the particles spaced 
at distance d from one another and with interactions between 
nearest neighbors only Let us suppose that we have two such 
lattices wuth phase velocities Wi and Wj, group velocities Ui and 
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Ui, energy flows t>i and $ 2 , impedances Zi and Zi, and ampli- 
tudes Ai and ^42 at the ends to be joined We shall call the ratio 
of the amphtudes the transformer ratio T 

T = ^ or Ai=TA, (23 1) 

We have obtamed a relation between energy flow and charac- 
teristic impedance for any lattice [Eq (22 12)] If we substitute 
the value of and take the time average m the usual fashion, 
Eq (22 12) becomes 

(23 2) 

Later we shall find it convenient to use Eq (23 2) as the defining 
equation for the characteristic impedance 

Z. ^2 

fpj fTij 

? 

I lu 23 1 

If we now join the two lines descrilied above and recpiire that 
the ends to be joined be the ends of cells m the two lattices, we 
obtam 

4>1 = yiZr,u>M (23 3) 

^2 = (23 4) 

In general, we shall take cji = < 1)2 and the condition that there be 
no energy loss and no reflected wave ls 

^>1 = <I >2 or Z.Ai'^ = ZrAi^ or ~ = (23 5) 

^ ri 

T may be easily computed for two monatomic lattices when 
the conditions at the junction are specified Let us take, for 
instance, the lattices as divided into symmetrical cells, then Zi 
and Zi are real At the junction in this structure we have a 
particle, one half of which belongs to one lattice and the other 
half of which belongs to the other lattice (see Fig 23 1) Since 
the two halves must move together, we have the condition 

Ai = Ai or r = 1 (23 6) 

Hence, the condition for zero energy loss and no reflection at the 
junction IS 


Zi — Zi 


(23 7) 
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We obtained the expreasion for the charactenfitic impedance in 
the last section If the masses m the two lattices are different, it 
follows that the elastic coefficients must also be different 

In general, reflection occurs at the junction of two lattices, and 
the coefficient of reflection may be obtained in terras of the con- 
stants of the lattices If reflection occurs, we have three waves 
at the junction, the mcident wave with amplitude Ai, the trans- 
mitted wave ivith amplitude A 2 , and the reflected wave with 
amplitude At The energy flows associated with these waves are 
given by 

(23 8) 

< 1>3 = J 

since the incident and reflected waves propagate in the first lat- 
tice and the transmitted wa\e in the second lattice We wash to 
obtain the coefficient of reflection 

« = ^ (23 9) 

To do this, we note that we have two conditions for the expres- 
sions m Eq (23 8) C’onscrvation of energy requires that 

$, = $, + ^>, (23 10) 

and the condition that the two halves of the particle at the junc- 
tion move together is 


= (23 11) 

since the resultant of the motion due to the incident and reflected 
w ave.s IS an algebraic sum of these weaves 
From Eq (23 10) we obtain 


or 


or 


Z„A,^ = -h Z„A.» 




(23 12) 
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and from Eq (23 11) 


Combining Eq (23 12) with Eq (23 13), we obtain a quadratic 
equation in (Aj/Ai) = R 






(l + |^‘) + 2ff + 1 - = 0 (23 14) 

(ft + iy + ^ (ft* - 1) = 0 

"ri 

+ 1) [ft + 1 + 1^’ (ft - ])j = 0 (23 15) 


The solution 


ft=-l (23 10) 

ih trivial The incident and reflected waves are just out of 
phase, and the particle at the junction is at rest The tians- 
mitted wave has amplitude zero, as may be seen bj' substitution 
of Eq (23 16) in Eqs (23 11) to (23 13) The other solution is 

T, Zr, — Zr, 


V _ 

Zrr + Zr 


(Z3 17) 


which gives the coefficient of reflection for amplitudes The 
coefficient of reflection for intensities is 

ft' = Iftl* 

The coefficient of transmission T' for intensities and the trans- 
formation ratio T are given by 

T = ^ = transformation ratio = 1 -|- ft = „ 

Al Ar, + 


T' = coefficient of transmission = jT|* = (1 — ft*) 

"n 


4Z,.* 

{Zn + Zr,r 


24. General Definitions of Characteristic Impedance 

So far we have discussed the monatomic lattice with inter- 
actions between nearest neighbors only We may extend the 
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treatment to the case of a monatomic lattice with the range of 
interaction unlimited and use the dehmtions and formulas of 
Secs 8 and 10 The potential energy w'as obtamed in Eq (8 5). 

r = r^o + ^ - yn)U', 2 (8 5) 

n p>0 

The potential-energy density is the energy per cell divided by d 
In a single vave, each particle has a sinusoidal motion and 
(jZ-fp — Z/»)' IS zero, hence 

^ ^ (24 1) 

p >0 

A single Mave i/„ = <>•<“'-*") propagating to the right gives 

[yn - yn+p)- = R P (l/„ - y.+p)(yn - Vn+p)* 

= 1^.4" RP (1 - C-^'>)(1 - e*"") 

= .4’(l-cosfcp) (24 2) 

and hence 

^ ^ ^'"p(l - eos kp) (24 3) 

p >0 

The average kinetic-energy density is the same as before [Eq 

(20 o)] 

TZ' = AW- = ~ ( 24 . 4 ) 

P >0 

on siibstituhon for u- [Eq (10 1)] Thus 

=1^‘ = -coskp) (24 5) 

p>0 

The larger range of interaction complicates the problem of 
finding the energy flow I^et us compute the flow of energy to the 
right from all of the cells to the left of a certain particle that can 
he taken at the origin (« = 0) To do this, we must compute the 
force exerted by a particle n < 0 on all particles interacting with 
it on the nght. The force on particle n due to particle n + p is 
/n,n+p in the previous notation The subscripts denoting par- 
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tide numbers have been omitted since each cell contains essen- 
tially only one particle 

fn,K+p — piy^+p J/n) 

and the average energy flow due to this force will be given by 

-/„.-+pJ/n‘ = R-P (/-,n+p!/n*) (24 6) 

Again the minus sign occurs since fn.^+p is the force acting on 
particle n due to particle n p rather than the force exerted by 
particle n on piarticle n p The latter is, of course, the nega- 
tive of the former The nght-hand side of Eq (24 6) may be 


ENERGY FLOW 
THROUGH THIS WALL 


o o o o o 

o 

O 0 o 

-4 -3 -2 -1 0 

1 

2 3 4 


4 INTERACTIONS AT 
DISTANCE p = 4 
Fia 24 1 

given explicitly by substituting the well-knowTi exponential 
expressions for y„ and y„+p 

^RP ifp.p+pVn*) = (c-*'’ - 1)(10,)* 

= — ^VpA^w Bin kp 

which gives for Eq (24 6) 

= }’i^ ''pA^io sin kp (24 7) 

There will be p terms of the type (24 7) contributing to the 
energy flow across particle n = 0, since each of the particles 
n = 0, —1, —2, . . . , —p -|- 1 will furnish this amount of 
power to the first p particles to the right of particle 0 (sec Fig 
24 1) Thus the total energy flow will be given by the following 
sum over p 

^ ^ U"pA ^up sin kp 


(24 8) 
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The energy velocity is defined as m Eq (20 11) and accordingly 


IS 


4> 


^ V'pA^up sin kp 


f/, = - = 

E 


m 


nui) 


^ y U''pP Bin kp (24 9) 

p 


It IS easy to verify that this is the same as the group velocity, for 


dv j du d 


( i > = 2tv 

k = 2irad 


We have already shoiin [Eq (10 1)] that 


w’ = ^ ^ U"pil — cos kp) 

p 

and hence 

dw^ 2 V r--, I. 

P 

and substitution yield.^ the equation 

2 V"pP sm kp = l\ (24 10) 

P 

In the previous section i\e defined the characteristic impedance by 

/„ = -Zy„ (24 11) 

where /„ is the force acting on particle n and its velocity 
Heie, howev'cr, we have more than one particle affected bj'^ the 
particles to the right of particle n, and thus the characteristic 
impedance cannot be defined by Eq (24 11) since it is not the 
impedance that would be required to teiminate the lattice at 
particle n in such a way that no reflection occurs It would 
lie necessary to combine the impedances due to the different L 
particles near the end of the line A convenient way of domg 
this 18 offered by Eq (23 2) According to this equation 

$ = t'2Z.4*ai» (24.12) 

where Z is the characteristic impedance and always remains 
real The combination of the impiedances offered by the differ- 
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ent particles is implicit in the equation since the contribution of 
each particle to the total energy flow has been taken into con- 
sideration We note that Eq (24 12) is equivalent to 

4- = (24 13) 

and we use Eq (24 13) as the general definition of the character- 
istic impedance of a one-dimensional lattice This definition 
introduces no inconsistencies, and once we have computed 4', we 
need consider only the particle terminating the lattice in prob- 
lems of finite lattices and the junction of lattices Z is to be leal 
and the cells so chosen that any imaginary part of Z that might 
arise is taken care of by the interactions of the particles in the 
lattice This definition of the characteristic impedance enables 
one to state the necessary condition for no reflection at the end of 
the lattice that the lattice be terminated on a system of imped- 
ances resulting iii a total impedance equal to the characteiistic 
impedance This condition is necessary but not suflidcnt, and 
the general situation near the boundary is very similar to the 
one obtained in Secs 8 and 10, where the problem of steady- 
state equilibnum was discussed 

For cases where the cells contain particles of various masses 
the problem is more complicated, but the same general methods 
are applicable To obtain the average potential and kinetic 
energies, the average coiitnbutions of each particle in the cell to 
the energy are summed and divided by the length of the cell 
The energy flow 4> is obtained by summing the contributions of 
all particles through a junction between cells Once the flux 4> 
and the energy density E are obtained, the energy velocity f is 
defined by Eq (20 11) and found equal to the group \elocity 
[Eq (21 5)] for all structures exhibiting no absorption 

The curve v{a) always has a horizontal tangent on the limits 
of the interval a = ± l/2d This means dvida = 0 and zero 
group velocity and checks very well with the fact that these 
special w'aves behave practically like standing w aves This was 
observed, for instance, in the NaCl problem discussed in Chap 
IV, for the weaves corresponding to wi and wj, the limits of the 
passing bands 

The characteristic impedance becomes increasingly difficult to 
define apd loses more and more of its practical significance 
Different values would be found for Z according to the assump- 



Sec 24| 


CHARACTERISTIC IMPEDANCE 


93 


tionB made about the distnbution of Z between the particles of 
the last cell, and, furthermore, the Z value gives a necessary but 
not a sufficient condition for no reflection 

To conclude, let us emphasize the importance of quantities 
such as energy flow, energy density,. energy velocity, and group 
velocity, in addition to the usual phase velocity These defini- 
tions were introduced long ago by theoretical physicists ' They 
can be extended from one to two or three dimensions For 
electromagnetic wai'cs, for instance, a most general defimtion of 
the energy flow leads to Poynting’s vector 

The characteristic or surge impedance, familiar to electrical 
engineers, is very useful for one-dimensional structures with 
Intel actions between nearest neighbors only This includes 
practically all problems of filters, lines, and cables for electrical 
communications We have just found how delicate i.s the exten- 
sion to one-dimensional structures with interactions at large 
distances Despite many interesting attempts, the extension to 
two or three dimensions remains rather artificial ' 

'See SnuoKLNOfi, S “ Klcotromagnetic Waves,” Chap XII, V^an 

Nostrand, New York, 1943 
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TWO-DIMENSIONAL LATTICES 

26. Direct and Reciprocal Lattices m Two Dimensions 

Lattices m two dimensions offer much the same sort of diffi- 
culties as those in three dimensions, but they are easier to discuss 
since drawings are simpler and clearer to understand This is 



the reason why a whole chapter is devoted to the two-dimensional 
problem 

We shall start with a two-dimensional lattice composed of 
particles all having the same mass and spaced at equal distances 
from one another along two Imes intersecting at an arbitrary 
angle B Later we shall find the generalization to more compli- 
cated lattices easy to make This lattice is shown m Fig 25 1 

94 
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The dots represent the masses The distance between particles 
in direction di is not necessarily the same as m direction dj. 

We take dj and di as basis vectors drawn from the particle 
chosen as the origin of the lattice The vector coordinate of any 
point in the lattice is then given by 

fiji, = Wi + fjdj (25 1) 

where l\ and U are integers The basis system is not, of course, 
unique di and d'j would serve just as well and, in fact, any two 
linearly independent vectors d"i and given by 

d"i = m,di + n,d 2 | ^ ( 9 ^ 0 ', 

d"; = m:d. + 71262 j m2 712 ^ ’ 

where mi, m 2 , n\, and nj are mtegers,* would give a satisfactory 
basis The d"’s correspond to nd in the one-dimensional system, 
and there we used n = \, le, the vector with the smallest 
absolute value greater than zero Similarly, here we shall more 
or less arbitrarily designate di and d^, the smallest pair of basis 
vectors greater than zero, as the basis vectors of the lattice 
When wc assume two basts vectors di and dj for a lattice, then 
the lattice us completely determined if we i-estrict ourselves to a 
single type of particle and require that the particles be equally 
spaced along the two indejtendent directions We lefer to the 
lattice described by the vectors di and 62 as the direct Inihce 
For each direct lattice we may dehne a reciprocal lattice that is 
to have basis vectois bi and b; given by the equation 


(b, d*) — 6,t 


I = 1, 2 

k = 1,2 


where 5,jt is the Kronecker S symbol, dehned by 

1 1 = t 


= 


0 i ^ k 


(25 3) 


(25 4) 


The reasons for the term reciprocal lattice become apparent 
with a little calculation For, if we take the origin of a pair of 
orthogonal axes x and y at the origin of the basis system, the 
vectors di and dj may be written in teims of their Cartesian 
components as follows 

‘ 'Hie area of the new cell d"i d"i should equal that of di di, otherwise 
the simple lattice is changed into a lattice with basis (see p 128 ) 
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di — (rfii d\y) I 
62 = {dix div) I 

or, m terms of the matrix notation, the matnx 


” - C;: ^:) 


(25 5) 


(25 G) 


represents the basis system Similarly, the reciprocal basis sys- 
tem has the matrix 


_ / bix toA 

\f>ly biy/ 


(25 7) 


The subscripts on the elements of the matnx D must be trans- 
posed for the matrix B since, if di and 62 are thought of as row 
v’ectors, bi and b2 must be column vectors because the latter are 
defined by taking a scalar product with the formei [Eq (25 3)] 
It is readily venfied that D and B arc reciprocal matrices Let 
us form the matrix product 

\«2* W2v/ \f>ly Oiy / 

d2j^lx d2yhly d‘£j>2x “I" d£y}>2y} 

AS; S:! S: “ (i 


where 5 is the unit matnx Fiom this it follows tliat 

B = D-‘ 

From Eq (25 3) we see that 


bi IS perpendicular to 62 
b2 18 perpendicular to dj 


and therefore 


(bi • di) = 1 = |bj||di| cos = |bi|!di| sin 6 

(b2 d2) = 1 = Ib2|]d2| cos ^ - 1^21162! sin 6 


(25 9) 


(25 10) 


(25 11) 


where 0 is the angle between di and d2. This is easily seen by 
inspection of Fig 25 1 Now the area of the elementary cell in 
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the direct lattice (i e , the parallelogram with di and d 2 for two of 
itfl sides) 18 given by 

Si = |d, X dll = Id.lldzl sin 0 (25 12) 

from elementary vector analysis, while that of the elementary 
cell in the reciprocal lattice is 

St = Ibillbil sin 0 (25 13) 

The product of these areas is 

Si St = |di||di| sin tfjbijjbsl sin 0 

= ld,l|d,| sin =i (25 14) 

|di( sm 0\a^\ sin 

from Eq (25 11) In other words, the areas of the direct and 
leciprocal cells are reciprocals 

In the ont^-dimensional lattice the length of the cell in the 
direct lattice was d. The length of the cell m the frequency vs 
wave-niimlier space was \/d, and this was, therefore, the recipro- 
cal cell of the lattice Thus the direct lattice gave the periodicity 
of the medium, and the reciprocal lattice gave that of the fre- 
quency of the wave* propagating through the medium Similar 
results w ill be obtained for two dimensions 

For readers accustomed to the definitions of tensor analysis, 
the following comment may lie added The dj and d 2 basis 
vectors of the diiect lattice play essentially the role of the 
co\aii!int unit vectors, while bi and bj represent the coiitra- 
Aanant unit \c<tor.s in an oblique coordinate system ‘ 

As a matter of fact, many discussions are simplified if the 
di and d. \e<tors arc used as unit vectors defining an oblique 
axis svstem, and an> arbitraiy- vector r is given by its {i and 
components along the d \ectors 

r = {.d, -b {.di (25 15) 

The oblique (di,dj) cell in the xy space is thus reduced to a 
square cell in the f space, since 

vector di means fi = I, fs = 0 

vector d-j means {i = 0 , {2 = 1 

* Hhiluu-in, L , “Les Tenseurs cn in6canique ct cn dlasticitd,” pp 27-30, 
97, 101, 105, Maason, Pans, 1038 

Stratton, J A , "Electromagnetic ITieory,” p 39, McGraw-Hill, New 
York, 1941 
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Furthermore, according to the defining equation (25 3) 

(i = (r bi), ^2 = (r bs) (25 16) 

A straight line in the plane (this line will become a plane in 
three dimensions) is represented by a linear relation. 

(a r) = aix + aiy = c 

or = c = (a d.) j 

012 = (a d 2 ) I 

as IS easily seen by direct substitution Conversely, 

a = aibi + o( 2 b 2 (25 18) 

In these equations a obviously represents a vector orthogonal 
to the straight line (25 17), and c/jaj is the distance 5 of the line 
from the origin 

A lattice point is one with integral coordinates h and I 2 

fi = fi) (2 — h, r = ^idi + Z2d2 (25 19) 
and a vector h in the leciprocal lattice is 

h = /iibi + A 2 b 2 hi and ^2 integers (25 20) 

If such an h vector is taken as vector a m Eq (25 17), it defines 
(for different a allies of c) a set of parallel lines, some of w hich 
go through an infinite number of points of the direct lattice 
One of these lines is 

(h r) = fii(bi r) + hi(b 2 r) = fiif, + = c (25 21) 

For c = 0 the line passes through the origin and through all 
lattice points for whith 

hill “b ^12^2 ~ 0 

such as 

li ~ /12 and 1 1 — — hi 

Other lattice row's w ill correspond to different c values Now we 
ask the following question What is the distance from the origin 
of the lattice row in this set nearest to the ongin^ This is the 
same as asking What is the smallest nonzero value of |c|? Since 
hi, ti, hi, and (2 are all integers (positive or negative), c is also 
an integer for a lattice row, and the smallest nonzero value of |c| is, 
provided hi hi have no common factor and h is the smallest 
possible vector 


|c| = 1 
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This means that the distance between each of the lattice rows 
in the set (A 1 ,^ 2 ) is 

= (25 22 ) 

Thus we- have the following stateffaent A pomt (^ 1 ,^ 2 ) in the 
reciprocal lattice defines a set of lattice rows in the direct lattice 
These straight rows are perpendicular to the vector h and are 
spaced at a distance of l/|h| from one another This is known 
as the Bravaia notation for crystal planes In Fig 25 1, the 
(1,0) rows are the vertical lines, and the (0,1) set is parallel to di. 
The vector d'l is in a (1,1) row, while d '2 is in (1,-1) 

According to the physical properties to be discussed, sometimes 
the direct and at other times the reciprocal lattice will yield the 
better description of the penodic structure 

26. Doubly and Tnply Penodic Functions 

We shall have use for doubly periodic functions only in this 
chapter Since, however, tnply periodic functions will arise 
in the theory of three-dimensional lattices, we shall treat the two 
together By a doulily or triply penodic function we mean a 
function of two or three independent variables, penodic in each 
of Its variables The mathematical theory of such functions 
would lie considerably simplified if we could split an arbitrary 
function, say D(x,y), that is periodic m x and y into a product 
of two functions Fi{x) and ^ 2 ( 1 /) periodic in x and y, respectively 
This can be done, however, only in very special cases Suppose, 
for instance, that 

(1 x,y both integer 

— I Q otherwise 



Figure 26 1 shows F(x,y) plotted in the xy plane The dots 
represent points at which F{x,y) is not zero Then 


Fi(i-) 

F^iy) 


1 X integer 

0 otherwise 

1 y integer 

0 otherwise 


(26 2) 


are two functions of one variable each whose product is F(x,y) 
Evidently Fi(x) and F i{y) are both periodic functions Consider, 
however, the function 
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nx,y) = { J 


X or y integer 
neither x nor y integer 


(26 3) 


Figure 26 2 shows the function F(x,y) plotted on the xy plane 
The horizontal and vertical lines represent the points at which 
F{x,y) 18 not zero Let us assume that 

F{i,y) = Fi(x)F.(y) (26 4) 

holds for all i and y Then, if Xi and j/i are neither integers, 

Fi(xi)Fiiyi) = 0 (26 5) 

so that 


F,(x,) =0 or F,(y:) = 0 (26 6) 

Let us suppose ^ 2 ( 1 / 1 ) = 0, then 

Fi(n)F i(yi) =0 n an integer (26 7) 

contradicts the hypothesis that F(x,y) defined by Eq (26 3) has 
the form (26 4) Starting from Fi(xi) would lead to a similar 
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conclusion, hence the decomposition is impossible Many 
authors have also tried a sum 


F{x,y) = Fi{x) + Fi(y) (26 8) 


An example of this would be given by taking Fi and F 2 as in 
Eq (26 2). 


Fix,y) = 


2 

1 

.0 


X and y integers 
X 01 y integer 
elsew'here 


Such an example is obviously a very special case of little practical 
use. 
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We shall, however, find it possible to expand doubly or triply 
periodic functions in double or triple Fourier senes, and this will 
be done by means of the reciprocal lattice defined m Sec 25 
A penodic function F(x,y) in the direct lattice has the same 
value at points 

r = (z,y) and r' = r + fidi + Ui-i - (26.9) 

Changing to coordinates and (2 as m Eq (25 15), we obtam a 
function /(fi,{ 2 ) with penod 1 in, both fi and {2 This penodic 
function can be expanded in a double Founer senes of imaginary 
exponentials 

F{x,y) = AfofO = X (26 10) 

AiAi 

where hi and hi are integers, and the coeflBcients of this series are 
given by 

= S /o' /o' 

AiAf 


The integral is zero whenever hi lA h'l or h« ^ h '2 and the only 
remaining term is the one for which hi = h'l and hi = h'l 

Cm. = // (26 11) 

The C*,A, coefficient is generally complex and includes the ampli- 
tude and pha.se angles Returning to the original F{x,y) func- 
tion and making use of Eq (25 21), we obtain 


F{x,y) = Z = X 

AiAi AiA« 

h = “I" ^2^2 


(26 12) 


where h defines one of the vectors of the reciprocal lattice The 
penodic character of this expansion can be checked directly 
from Eqs (25 20) and (25 3) 

(h r') = [h {1 + hdi -t- (262)] 

= (h r) -|- liili(bi • di) d2) = (h r) "h hili -t- hj,2 

The imaginary exponential in Eq (26 12) obviously has the same 
value at (h • r) as at [(h r) -H integer] 
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In the transcription of Ecj (20 11) mc must he cautious since 
and f 2 correspond to oblique coordinates, and the length of a 
vector r is 

Irp = 1 = + y* = |d,|2f,* + 2(di ds)fif 2 + jdjpfs* (26 13) 

The area Sd of the d cell is transformed into an area 1 in the { 
system, hence 

Sd = Idilldil sin 6, dx dy = A'ddfi rffa (26 14) 

and 

^ f''F(T,y)e (26 15) 

Jo Jo 

To give a physical interpretation to expansion (26 12), we may 
say that the periodic function is decomposed into plane waves, 
corresponding to each of the lattice rows (lattice planes in three 
dimensions) defined by the points h in the reciprocal lattice A 
periodic function F{x,y) that can be represented by a product 
F\{x)Fi(y) offeiB the ver>" special property that 

Cmi.. = C*.G. with Cm = (26 16) 

and a similar equation for C*,. This, obviously, cannot be 
general, but it retains the whole set of coefficients C The 
assumption in Eq (26 8) of a sum F i(t) -t- F«{y) is much more 
restricting since it knocks out all the cwtRcients except r^.o and 
CoA„ which means that all oblique atomic rows are ruled out 

To emphasize the importance of thase definitions, let us state 
that X-ray reflections from a crystal yield directly the ^ allies of 
|C*,A,1 in the expansion of electronic density inside the crystal 
Only the absolute value of the coefficients is obtained fiom the 
experimental data, but symmetry considerations often enable 
one to guess the phase angles and to reconstruct the whole 
periodic function representing the average density of electrons 
throughout the crystal lattice 

27. Zones in a Two-dimensional Lattice 

In the discussion of the one-dimensional case, we found that 
the frequency w'as a periodic function of the wave number, and 
hence for a given frequency there was ambiguity in the wave 
length and the direction of propagation We chose an interval 
containing one period of the frequency and taken symmetrically 



Sec 271 


TWO-DIMENSIONAL LATTICES 


103 


about the ongin, and then we icHtricted the wave number to 
values in this interval In the language 0 / this section, we should 
call this interval the hrst zone The second zone in one dimen- 
sion would consist of tw o intervals containing half a penod each, 
one on each side of (he first zone, etc, for higher order zones 
The zones for one dimension are shown in Fig 27 1 
Wc no\\ proceed to find the analogues of these zones m the two- 
dimensional case The zones will be legions in the reciprocal 
lattice, since this is the lattice descnbmg the jieriodicity of 


I 


I 1 1st ZONE 3rd ZONE imTITI 5th ZONE 

2nd ZONE 4th ZONE 
Fia 27 1 — Zones in one dimension 

frequency as a function of wave number Let us coasider a 
plane wave propagating through the two-dimensional medium 
It will have the form 

i (27 1) 

or if we let a l>e a \ ector with components oi and oi and r a 
vector w'lth components j and y, 

^ |a|2 = + a,2 = ^ (27 2) 

A 

a will be a vector in the direction of propagation, and its magni- 
tude will be the reciprocal of the wave length X In a dLscon- 
tinuous medium, ^ is defined only at points r at which particles 
are located, i c , at the points ri,j, of the direct lattice Thus 

2T(a rj.i.) = 2ir(a hdi) 2T(a hdt) = hki -|- hki (27 3) 

where we have set 

ki = 2ir(a di) and kt = 2ir(a di) (27 4) 
Accordingly, Eq (27 2) may lie written 




(27 5) 


WAVE PROPAGATION 


104 


[Chap VI 


Now, as m the one-dimensional case, we may replace fcj and kt by 
fc'i and fc'a where 


k\ = A, + 2rm, m, integers (27 6) 

without changing either the motion of the particles or the fre- 
quency This ambiguity in the value of ki and is the analogue 
of that in k in the one-dirnensional case (Sec 4) The values of 
k'l and k'i in Eq (27 6) correspond to the following value for a' : 


for 


a' = a -1- mibi -|- nisbj 


(27 7) 


k'l = 2T(a^ di) = 2ir(a dj) -|- 2ir7ni(bi di) 

-|- 27r7n2(b2 di) = ki + 2Tmi 
k'l = 2^(8.' d 2 ) = 27r(a d 2 ) -f- 2ir»ii(bi do) 

f 2rmi(b2 do) = ki + 2r?ni 

The direction of propagation is given by a', and this, as well as 
the magnitude of the wave length, will depend on mi and m 2 
in Eq (27 7) Vaiious a' vectors correspondmg to a given a 


/ 
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are shown drawn m the reciprocal lattice in Fig 27 2 This 
discussion shows that the frequency v of the wave, in a two- 
dimensional lattice, IS a periodic function of the wave vector a 
in the reciprocal lattice with basis vectors bi and b 2 . 

We must now formulate a rule for choosing the area to which a 
18 to be eonhned We might start at the origin of the basis 
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system and confine all vectors a to the first elementary cell of 
the reciprocal lattice — i e , to the parallelogram bounded by the 
points (0,0), (0,1), (1,0), and (1,1) m Fig 27 2 There are two 
disadvantages to this In the first place, this method smgles out 
the directions contained in the angle ir — 6 as preferred direc- 
tions of propagation for the waves Further, it does not require 
the use of the longest possible wave length for a given disturbance 
and thus is inconsistent with the conventions set up for the 
one-dimensional case 

To do away with these objections, ive trj' to construct a zone 
that will be analogous to the first zone in the one-dimensional 



case This means, first, that we must place the origm m the 
center of the zone The remainder of the construction is accom- 
plished by draw ing perpendicular bisectors of the hues joimng 
the origin to each of the other points in the reciprocal lattice. 
The smallest closed polygon formed by these perpendicular 
bisectors is taken as the first zone It is independent of the 
basis system chosen and allows propagation in all directions 
Furthermore, it requires the longest wcu'e length describing a 
given disturbance to be used, as is easily seen by inspection since 
a complete period for each direction of propagation is included 
in the zone There is still an ambiguity on the boundaries of the 
zone just as in the one-diniensional case The construction 
for the first zone is shown in Fig 27 3 The first zone has the 
same area as the first elementary cell of the reciprocal lattice, as 




106 


WA VE PROP AG A TION 


{Chap VI 


may be seen by comparing elements of the two areas contaming 
the same numbers These elements are easily seen to be con- 
gruent from plane geometry 

The construction of the second zone and higher order zones is 
more comphcated They must all be bounded by perpendicular 
bisectors of lines jommg the origin wath other lattice points, and 
there can be no perpendicular bisectors passing through the 
mtenor of a zone. The significance of this will be seen later 
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Notice 

All lines limiting the zones are 
perpendicular bisectors upon 
lines joining the center O to 
some points of the reciprocal 
lattice 




O 


Ist ZONE 



2nd ZONE 
3rd ZONE 


If a wave propagates through a continuous medium with small 
periodic variations m such a manner that its nave vector meas- 
ured from the origin terminates on a perpendicular bisector of a 
line joimng the ongin with a lattice point, a discontinuity occurs 
in the V vs |a| curve The object of introducing zones is to 
eliminate discontinuities in the v vs. |a| curve except at the 
boundaries. This is exactly analogous to the one-dimensional 
case 

To construct the second zone, we draw the second smallest 
closed figure about the origin and bounded by perpendicular 
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bisectore The second zone is the area enclosed between the 
boundary of the first zone and the boundary of this second figure 
The construction is shown m Fig 27 4 Sinularly, one may 
construct a third zone that is the area enclosed between the 
boundary of the second zone and the third smallest closed figure 
bounded by perpendicular bisectors This is also shown in 
Fig 27 4 Higher order zones are constructed in just the same 
manner It should be^nofed that the (n + l)st zone consists of 
figures having at least one side in common w ith one side of the nth 
zone and all vertices in common with the (n — l)8t zone 

Each zone has the same area as the elementary cell in the 
reciprocal lattice This is shown by taking sections of the zone 
under consideration and noting their position relative to some 
lattice point Now the wave vectors terminating m the cor- 
responding section of any other cell wall give the same value for 
since the only change in ^ is the addition of 2mT m the exponent 
of the exponential Therefore, we may consider the two sections 
equivalent The matching of sections in the elementary cell 
with sections m the first and second zones is shown in Fig 27 4 
In all these cases the aiea of each of the zones is equal to the 
area of the elementaiy cell in the reciprocal lattice, and this is 
true for all cases that haie been worked out However, a gen- 
eral proof that this will always be the case has never been given. 


28. Propagation of Waves m a Contmuous Two-dimensional 
Medium with a Periodic Perturbation 

We are considering waves propagating in a two-dimensional 
continuum with a nonuniformity m the structure of the medium 
that IS periodic m each of the two independent directions This 
problem was sketched in Sec 17 for the one-dimensional case 
and will be fully discussed now We can define a direct lattice 
with basis vectors pointing in the two directions di and dj and 
having magnitudes equal to the penods of the structure in these 
two directions. Each point in the first elementary cell may be 
defined by a vector of the form [Eq (25 15)] 


r — {idi -|- fjd^ 


0 < < 1 
0 < {5 < 1 


The vectors from the origin of the lattice for each point m the 
lattice are obtained by adding the vector for the corresponding 
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point in the first cell to the vector of the origin of the cell in 
which the point hes 

r' = (fidi + fjdj) + f^idi + niidi 

A reciprocal lattice w'lth basis vectors bi and bs defined by 

(b, dt) = 

as in Sec 25 may be constructed The- vectors in this lattice 
are the propagation vectors of a wave propagating in the direct 
lattice, and the frequency of the ave is a function of the propa- 
gation vectors 

The general wave equation for a two-dimensional continuum 
with periodic nonuniformities is 

= 0 (28 1) 

where V* is the two-dimensional Laplacian operator, i(; is the \i ave 
function, and V is the phase velocity of the waie, assumed to be 
a periodic function with penods di and dj. «{: is a function of 
{x,y) and of the time t We assume that the time-dependent 
part of ijf 18 separable from the space-dependent part, t e , 

<r = u(x,t/)c‘“' (28 2) 

from which ive obtain a differential equation for u 

Vhi -\-^u = 0 (28 3) 

Now the w'ave equation for a two-dimensional homogeneous 
isotropic contmuum is (after the time part is eliminated) 

V=M„ -I- Uo = 0 (28 4) 

f 0 

where Fo is a constant depending on the constants of the medium 
A solution of Eq (28 4) is 

Mo = (28 5) 

where 

= = (28 6 ) 

Equation (28 6) represents a plane wave We may think of the 
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wave as an ordinary sound wave or as an electromagnetic wave 
Both of these have constant velocities in a homogeneous medium. 

We solve the problem of propagation of waves through a 
continuum with pienodic structure by perturbation methods 
Thus we set 


U = Uo tUi \ 
CJ® = + tki I 


1 ^ Jl_ 


+ 



(28 7) 


We take a, the propagation vector, as fixed both in magmtude 
and in direction u, 1/V^, and are all functions of a in the 
K'ciprocal and r in the direct lattice « is a constant small 
enough so tliat any terms in t‘, that we may encounter 
may be neglected in companson with terms m e, at least to a 
first approximation The function / is periodic, and its average 
IS zero in order to ensure 



We substitute Eq (28 7) in the general wave equation (28 3) 

Vhi + ^ a = 0 = V^uo + ^ Wo 

+ « + 0,0=/) l/rj (28 8) 

if we neglect terms in t- and higher powers of t The zero-order 
approximation is obtainerl by neglecting the term in t This is 
just the wave equation for the continuum without variations, and 
the solution has already been given The first-order correction 
to the zero-order approximation is given by equating the term m 
f to zero 

VV, -f- w. = - + ‘^ov) »o (28 9) 

This IS an inhomogeneous differential equation as it stands The 
homogeneous differential equation in ui is identical with the 
zero-order approximation and has the solutions 


til = 




(28 10) 
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where 

4T>'r = Ia'? = lap (28 H) 

To obtain the solution of the inhomogeneous equation we expand 
the periodic function / in a double Fourier senes as in Sec 26 

/ = (28 12) 

where the are constants (in general complex to take care 

of phase factors) that may be evaluated from Founer’s theorem 
and Coo = 0 and are the coordinates of the point in the 
direct lattice at which / is to be evaluated ivnth respect to the 
ongin of the cell in which it lies, and nii and m2 are integers 
We may write / as a function of the vectors in the reciprocal 
lattice as in P’q (26 12) by noting that 

(bi r) = (bi f)di) + (bi {.>62) = | 

(b2 r) = (ba fidi) + (b" fjdo) = f.> j 

and, therefore, 

/ = 2C„,„,c'''l’"‘‘' '•>+”>('>» ')) 

Substituting Eq (28 14) into Eq (28 9), substituting the 
solution [Eq (28 5)] of Eq (28 4) for Uo, and introducing the 
abbreviation 

= a — wiibi - mihi 

yields 

V u. -I- u, A 

This is an equation with right-hand term of the type 

j ui = R{i) 

As IS well known, such an equation possesses a finite solution only 
if the nght-hand term is orthogonal to all solutions of the homogene- 
ous equation, by which we understand the condition 

j j ui*R{t)dT = 0 

' iJl ipsce 


(28 15) 


= /e(r) (28 16) 


(28 13) 

(28 14) 



Sec 28] 


TWO-DIMENSIONAL LATTICES 


111 


where Ui* is the complex conjugate of ui in Eq (28.10) In our 
problem this means that first of aJl we must write 





0 , 


|a''l = Ia| 


(28 17) 


where a" is any vector of length |a{ according to Eq (28 11) 
Once this condition is satisfied, the general solution of Eq (28 16) 
has the form 


ui = '> (28 18) 

and ue shall be able to evaluate the B„,„, coefficients of this 
expansion in terms of knowm quantities The general char- 
acter of the solution will perhaps be better understood if it is 
written in a slightly different way 

ui = "f (r) ; F(r) = o-n-iini oi 

This means that the solution ^ is a plane wave 

f = C“"(Wo + «u,) = c 2 -l.<-(ar>l^(r); ^ (r) = yl -f J<\l) 

with an amplitude .'l(r) that is a periodic function m the direct 
lattice 

In the di.scussion of condition (28 17) two cases must be 
distinguished 

1 Among all vectors a" having the same magnitude as vector 
a, a must lie considered separately, but there is no other vector 
a” coinciding w ith any of the a'„,m, vectors 

a" ^ all a'*,„, 

2 An exact (or approximate) coincidence can be found for a 
certain vector a" and a corresponding a'„,„,. 

a" « a'm,», and a'„.„, = a - wibi — m 2 ba 

which implies the condition 

[a min„| ^ |a| 

If this happens, both a and this special a" must be singled out 
in the discussion of condition (28 17) 

Case 1 — In this cose we first write the necessary condition 
(28 17) for vector a, and we obtain a relation that determines the 
value of the unknown coefficient ki The integral m Eq (28 17) 
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becomes 

. 


J e*"'“ 1 

[k* -t- 0 , 0 * 2 dr 



II 

mI 

II 

o 

or 

o 

II 

(28.19) 

since 

a — a' = mibi -|- mjb2 



IS zero only for mi = rrii = 0 and Coo = 0, and hence all the 
exponential terms become zero on integration Equation 
(28 19) means that the average perturbation on the unperturbed 
wave is zero for this case For all other vectors a" we have 
a" a and |a"| ^ |a'™,m,l for all mi and mj values This con- 
dition implies that none of the a' vectors may hav'e the same 
magmtude as a. The orthogonality condition (28 17) is auto- 
matically fulfilled for these other a" values, since the integrals 
will all go to zero Using now our value ki = 0, we may 
attempt to solve Eq (28 16) with an expansion of the type 
(28 18) 


T72, _L “0 

v^i -H ui 

y 0 


= 2 




I" 2 

» 0 


r) 


= - Awo- ^ (28 20) 

where 

(28 21) 
r 0 


We may combine the two sums m Eq (28 20) and set the coeffi- 
cients of "■i"’ equal to zero This gives 

= -A u,o*r (28 22) 

y 0 

and solvmg for in terms of C„.„„ w e obtain 

; C„.„. (28 23) 

^*^0 Wmimi 


We have assumed that la'„,„„| ^ {a{, and therefore wo’ 9^ 
so that Bmimi IS always finite Summarizing the results for case 1, 
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we see that there is no first-order correction to the frequency (since 
ki = 0) and the shape of the waves is slightly perturbed, in accord- 
ance with the general scheme (28 18) Case 1 is characterized 
by the fact that one of the coefficients in i4 is much larger than 
the others, .which are all of the order of c 
Case 2 — We first discuss the case of an exact comcidence 
a" 5^ a; a" = a'm.m, for some mi and values, say ni and >12 
In this case then 

la'„,„,| = |a|, a'„,„. = a - n,bi - njbj (28 24) 

This means that there are two values of a that describe the motion 
equally well, le , there are two solutions for the unperturbed 
problem that are equivalent This degenerate motion is the ana- 
logue of the motion in the one-dimensional case when a = + 1 /2d 
We must write uo as a linear combination of two exponentials 
in this case, one for each of the solutions 

ua = -I- '> (28 25) 

with arbitrary coefficients C and C to be discussed later The 
terms in a'„,„, will turn out to represent the reflected wave m 
Bragg reflection Substituting Eq (28 25) into Eq (28 9) and 
using Eq (28 11) will yield 


rr’ I Wn 

T“ fr ,y III 

V 0“ 


\ n’ 




nC 2rij<a— fnibi— r) 


+ £ C'C„.„.c- 

= - [C? + -rr..,,.,) 


— VFiibi — m|6]) 1 

j,- 2»»(o r) 


+ 






C «— mibi— mjbi) r 
mims* * ■ 


mi^ni 

maHni 


'] 






(28 26) 
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The two sums give no trouble since their exponentials are never 
zero, even when multiplied by m the orthogonality rela 

tion (28 17) Therefore, we need consider only terms in 
and We use the orthogonality relation to determme 

/cj All terms m the integral (28 17) vanish except the two 
already noted We must allow two values for a", one corre- 
sponding to a and one to a'n.n,. The first gives the equation 

+ j rfr 

Since a a' except in magnitude, the second term vanishes on 
integration The constant coefficient of the integral must van- 
ish, and this gives one equation in ki, C, and C 

^ -I- = 0 (28 27a) 

r 0 

The other orthogonality relation is 

-h -h j ,1^ 

= -t- u,„'CC„.„.) j dr = 0 

by the same reasoning, and this giv'es a second equation in fci, C, 
and C 

^ = 0 (28 276) 

These two equations must give the same ratio of C to C' The 
condition for this is that the determinant of the coefficients of C 
and C vanish Thus 




= 0 = 


' 


WO^C'nini 


(28 28) 
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since C^,-^ = C„,n,* is necessary to keep / real. Solving Eq 
(28 28) for ki gives 

(Aj _ = 0 or h = ±a,o=7„*|a.„.l (28 29) 

Once ki is obtained, the ratio C'/C results from Eq (28 27), 
and the remaining coefficients of expansion (28 18) arc computed 
without difficulty 

Summanzmg the resulla for case 2, we obtam a firslrorder 
correction on the frequency 

= ojo’ + tki = 6>o* i (28 30) 

and a wave w hose general shape is still represented by Eq (28 18) , 
but which has two large coefficients (C and C) in its expansion 
instead of a single one as in case 1 All other coefficients in the 
amplitude function A(r) are of the hrst order m t 

PASSING BAND 

STOPPING BAND 
AW 

PASSING BAND 

Fio 28 1 

We have already seen in case 1 that the perturoation is small 
when a is not too close to any a'n,»,. hen it i.s, however, the 
pertuibation becomes larger and when a = the frequency has 

two possible values, one for each Of the values of ki given by 
Eq (28 29) Thus for the unperturbed wave the frequency is a 
linear function of |a| as shown bj' the solid line in Fig 28 I 
The dotted line shows w as a function of a for the perturbed 
wave For a certain value of a the curve splits up and the 
perturbation becomes less as a gets farther away from a n,ni. 

29. The Exceptional Waves of Case 2 and Bragg Reflection 

We shall discuas later the transition from the portion of the 
curve that remains unperturbed and the exceptional point at 
which the splitting occurs, but first w'e wnsh to compare the 
conditions for case 2 with Bragg’s formula for reflection from 
crystal planes Bragg discovered that X rays can be selectively 
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reflected from some of the atomic planes m crystal lattices, 
provided a certain relation among wave length, the distance of 
separation of the planes, and the direction of propagation is 
satisfied We want to prove that this condition is equivalent to 

|a| = (29 1) 

for the (ni, 7 i 2 ) values that define the atomic planes (which in the 
two-dimensional case are just rows of atoms) This is, of course, 
exactly the condition for case 2 of Sec 28 

We consider the vector in the reciprocal lattice 

B = nibi -|- 71262 

This vector defines a direction in the two-dimensional reciprocal 
lattice and a row of atoms perpendicular to this direction in the 
plane of the direct lattice This row is the row responsible for the 
Bragg reflection For the reflection to take place, Eq (29 1) 
must hold We denote the a for which Bragg’s condition holds 
by ao and replace a'„,„, by a'o. Thus 

a'o = ao - B (29 2) 

and 

la'ol = la«l (29 1) 

In other words, 

la'ol' = |ao|' = |ao - Bl^ = |ao'| - 2(ao B) + |B|* 

and 

|aol^ = la'ol' = |a'o + Bl* = |a'ol' -|- 2(a'o B) -|- 1B|* 

These two equations yield 

1B|= = 2(ao B) = -2(a'o B) 
or 

|ao| cos (ao,B) = — |a'o| cos (a'o,B) = i^iB| (29 3) 

and since ao and a'o differ only in direction but have the same 
length, 

cos (ao,B) = — cos (a'o,B) 

or ao makes the same angle wnth B that a'o makes with — B. 
From Eq (29 3) it now follows at once that ao terminates on the 
perpendicular bisector of B, while a'o terminates on the perpen- 
dicular/bisector of — B. This means that the projection of a on 
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B has magnitude |B|/2 or 

M 1 |B| 1 

|al ^ = X ^ = T ^ ^ 

or 

X = 25 cos ip (29 4) 


where tp is the angle between a and B and 5 is the distance 
betw een successive rows passmg through the lattice points in the 
direct lattice and perpendicular to the basis vector conjugate to B 
[Eq (25 22)] This is illustrated in Fig 29 1, showing a set of 
paiallel rows in the direct lattice, with a distance of separation 
5, with the incident beam ao, and wuth the reflected beam aV 
Tlie elementary theory of Bragg reflection is as follows 



CRYSTAL 

LATTICE 

ROWS 


I lu 20 I — Bragg’s reflection 


1 Angles p and p' must be equal, ensunng a uniform reflection 
from each lattice row 

2 XA'uves leflected from two successive lattice rows must be in 
phase, hence 

AOB = 25 cos p = m\ (29 5) 

This IS Bragg’s formula, which checks with Eq (29 4) when 
m = \ Let us specify the integers defining the particulai vector 
B coriesponding to m = 1 by ni and n^ We note that other 
vectors B^ of the reciprocal lattice are obtained if we take 

B„ = mB = mnih\ + 7nn2b2 

and yield rows in the direct lattice separated by a distance 

5 = J- = J- = i 
|B«| m|B| m 

from which we obtain the generalization contained in Eq 
(29 5) 
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All this proves that case 2, with its two large components in 
the wave, corresponds exactly to Bragg’s condition for reflection, 
i e , to the situation in w hich an incident C wave (ao) can be 
reflected from atomic rows in the lattice and generate a C wave 
(a'o) of large amplitude 


30. Transition near the Discontinuity 

We wish now to investigate the region where a almost satisfies 
Bragg’s condition but not quite, t e , we allow 

a = ao + ijB where is small (30 1) 

Then 

a’ = a — B = ao — B + tjB = a’o + j;B (30 2) 

where ao and a'o are the vectors defined m Secs 28 and 29 and 
exactly satisfy Bragg’s reflection condition The new vectors 



a and a' satisfy these same conditions approximately only, 
according to the ij terms This is shown in Fig 30 1 The 
squares of the absolute values of a and a' are given by 

|a|2 = |ao|^ + 277(ao B) 
ia'|2 = |a'o|' + 2i7(a'o B) = |ao|“ - 27,(ao B) 

according to Eq (29 3) and by dropping tj’ term Furthermore, 
we define the following expressions 


(30 3) 


= 4ir*|ao|^ 

= 4,r»|a|’ = ^ + ■ ®) 

^ = 4ir»|a'P = ^ - 87r^(ao • B) 


(30 4) 
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Also 




as m Eq (28 25), and 

u = uo + tui 

i- = J-4- f 

y2 y 

The frequency u of the Uo wave is given by 

6)^ = tiJo* + tki 


(30 5) 


(30.6) 


as in Eq (28 7) This frequency to is the same for both terms 
entering uo and should not be confused with toj and which 
represent the frequencies of the iC,C') waves m the unperturbed 
medium, while to is the common frequency of both terms in the 
medium with periodic perturbation 

We start again from Eq (28 8), and we take Eq (30 4) into 
account The V^uo term yields 

V‘uo = V2(Cc-=^''“ '>) 

= - ito - 8jr^v(io B)(Ce-=-(“'> - (30 7) 

y d" 


The new v terms characterize our present problem jj and e are 
both perturbation coefficients and aie assumed to be of the same 
order of magnitude We set 


ft = ^ (30 8) 

We now separate the perturbation terms from the rest of the 
ctpiation and set them equal to zero as before 

Ml = - (Ce-*"'“^> + C'c-*"(«''>) 

+ 8t^ ft (ao • B)(Cc-*”t“ '■> - '>) (30.9) 

This LS exactly Eq (28 9) but for the additional k term The 
discussion from now' on parallels that given m Sec 28, case 2 
Wo again expand / according to Eq (28 14) and group the terms 
that contribute to the perturbation as in Eq (28 26) The 
two important terms are 
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- 8r»A(ao B)cj 1 

and / 

+ 8T*fc(ao B)C'] j 

When we substitute the right-hand side of Eq (30 9) in the 

orthogonality relation (28 17), all terms contribute zero to the 
integral except the two above The hrst \m 11 give rise to one 
equation similar to Eq (28 27a) for C and C when the solution 
g- 2 ri(<i r) Qf jjjg homogeneous equation for ui is used 

^ - 8*-'h(a„ B)C = 0 (30 11a) 

The second one gives another relation similar to Eq (28 27h), 
when Ui = e"*"**’ la used 

-t- + 8T“h(ao B)C' = 0 (30 1 \b) 

y 0 

The determinant of the coefficients of C and C' must vanish as 
before This determinant is 


A _ B) 

V 0 


CUo 


zr' • 

*- r inj 


ki 


+ 87r^A(ao B) 


= 0 (30 12) 


Solving for ki yields 


= ± + l8ir2/i(ao B)]* (30 13) 

y 0 

For A = 0 we have the Bragg condition and the same results as 
before When h is large. 


ki 


= ±8x=A(ao B) A >> 1 (30 14) 

r 0 


But 


w 


* 0)0^ . fcl O 21./ Tl\ 1 ' u 

F,* ~ Fo* ‘ V? “ V? - " i 


Wa 

Fo* 

o’ 


according to Eq (30 4) Thus a will be in one zone and a' in 
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another, and the values for cd will he on the dotted transition 
curve shown m Fig 30 1 

The whole discussion of Secs 28. and 30 shows that discon- 
tinuities in the function v{a) appear only when the a vector has 
its extremity on the perpendicular bisector of the vectors in the 
reciprocal lattice This justifies the rule given in Sec 27 for the 
construction of successive zones Some examples of the shape 
of the first zone have been found by vanous authors, and the 
geneial rule was given by the present writer, with a comprehen- 
sive discussion of the structure of higher zones m two and three 
dimensions 

31. Examples and Discussion of Zones in Two Dimensions 

The theoiy just developed in Secs 28, 29, and 30 contains the 
principle of X-ray reflection from crystal lattices X rays 
propagate through the crystal ivith the velocity of light m 
\acuum, and atoms or molecules may just slightly perturb the 
propagation The perturbation is practically proportional to 
the electronic density, and an equation of propagation of the type 
of Eq (28 8) is obtained, with a perturbation term / proportional 
to the electronic density In a crystal lattice, atoms are regu- 
larly distributed along a direct lattice, each atomic nucleus 
being surrounded by a cloud of electrons that may partly overlap 
that of its neighbors The electronic density is a penodic 
function with the periodicity of the lattice and can be expanded 
in a multiple Fourier senes like Eq (28 14) In the final results 
given by Eej (28 30) or Eq (30 13) only the absolute value 
of the coefficients of the Fourier terms appeared Hence, 
any experiment on wave propagation through the crystal lattice 
wall give only the absolute value and not the phase angle This 
latter may often l>e obtained from symmetry considerations and 
some general knowledge of the lattice structure, and then the 
w'hole Fourier expansion of the electronic space charge is found, 
from which the distribution of the space charge at any point 
can be computed Figure 31 1 gives an example of such experi- 
mental results 

This is the principle of the procedure announced at the end of 
Sec 26 As a nile, all coefficients Cm of the Fourier expansion 
are required, and there is practically no example of actual lattices 
where simplified assumptions such as Eq (26 1) or (26 8) could 
be used Sometimes a few exceptional terms may happen to be 
zero, but this is not very frequent. 
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The relation between the conditions yielding discontinuities in 
the curve and Bragg’s reflection condition was explained in 
Sec 29 Id principle the explanation is the same as for the rela- 
tion between passing bands and stopping bands in the one- 
dimensional lattices discussed in Sec 16 Let a certain direction 



Fio 31 1.— Crystal etructure of pentaerythntol tetracetate C (CH 2 O CO CHi)« 
showing the position of rarbon and oxygen atoms as resulting from a Fourier 
analysis based on X-ra>B diffraction (Courtesy 0 / T H Goodwin and R Hardy, 
Proc Roy Soc {London) A, vol 164 (1938), p 369) 

of propagation be given (direction of a) and the frequency v 
of the wave be varied If the frequency corresponds to a passing 
band, then the wave fallmg upon the lattice with this direction 
of propagation and frequency may be propagated through the 
crystal Surface conditions at the boundary of the crystal 
will give only partial reflection from the surface If, however, 
the frequency v falls inside one of the stopping bands, hke the 
intervals obtained in Fig 28 1, then the corresponding wave 
cannot be propagated through the crystal and must be totally 
reflected from the surface 

The elementary Bragg theory, as sketched in Fig 29 1, 
predicted reflection for just one frequency, while our more com- 
prehensive treatment yields reflection for the whole stopping 
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band Ai/ For X rays, the perturbation of the wave by the 
crystal lattice is evtremely small and the Ak bands for ideal 
crystals are very narrow 

All thLS was explained here for a two-dimensional lattice 
structure, but X-ray leflection actually occurs in three-dimen- 
sional structures Electron reflection according to wave mechan- 
ics (electrons being represented Ijy De Broglie waves) is a more 



accurate example of a two-dimensional pioblcm, since in many 
experiments (Daxisson and Gcrmer) the reflection takes place 
on the surface of the ciystal (two dimensions) and electronic 
waves do not penetrate inside the crystal 

We now' give a few examples of direct and reciprocal lattices in 
two dimensions, w ith the corresponding zone structures Where 
a certain direct lattice is given, the shortest W'ay to find the 
reciprocal lattice is to use Eq (25 22) and look for some parallel 
rows of lattice jioints in the direct lattice, compute their distance 
of sepal ation 3, and obtain a vector of the leciprocal lattice by 
taking a length 1/i in the direction perpendicular to the rows 
This IS shown in Fig 31 2 for a hexagonal lattice based on tw'o 
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vectors d making an angle t/ 3 The reciprocal lattice is another 
hexagonal lattice, turned through an angle t/6 and with vectors 

b. 


|bl = — 

V3 |d| 


as shown in Fig 31 3 The first five zones have been drawn and 



Fig 31 3 — Zones for a hexagonal lattice 


the sixth one is easily recognized I'iach zone I'overs an area cipial 
to that of the first one or to that of the (b,b) parallelogram 




IT 

Sin - = 

3 



2 1 _ 
V3 4,2 


while the area of the cell in the direct lattice is 




Skc 31] 


T^^'0-D1MENSI0NAL LATTICES 


125 


Each zone can be reduced to the first zone by taking its sec- 
tions and giving them a translation parallel and equal to one 
of the vectors of the reciprocal lattice This is obvious for the 
second zone in Fig 313 The case of the third zone is illustrated 
by a mosaic showing how the different sections of the third zone 
exactly cover the first one after being giv-en the necessary trans- 
lation Similar mosaics can be drawn for higher zones 
Oblique lattices were used in Figs 25 1, 27 2, and 27 4 The 
case of a rectangular lattice is shown in Fig 31 4, where the first 
four zones have been draivn, each of which has an area equal to 


DIRECT LATTICE 


RECIPROCAL LATTICE 


• • • 







I I 1st ZONE 
WBM 2nd ZONE 
3rd ZONE 
fTTmi 4th ZONE 




Fro 31 4 — Rectangular lattice 


4th ZONE 
P'JZZLE 


that of the first one 'rranslation of the different sections of one 
zone by vectois of the reciprocal lattice can be used to superpose 
them on the hist zone The corresponding mosaic is shown for 
the fouith zone Figures 31 5 and 31 (i refer to the square- 
lattice structure and arc oiiginal drawings given by the writer 
in a paper published in 1930 Figure 31 6 contains the mosaics 
for the successive zones in the square lattice 

All this theory is based upon the assumption of the periodicity 
of the function / of Sec 28 It is not inconceivable that in 
certain physical problems the perturbation function / (the 
electionic density, for instance) may have a lower symmetry 
than the atomic lattice, and that its periodicity may offer a 
different character In such cases the zone structure would 
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ZONE 123456789 10 

IDIDIIIDII 

Fia 31 5 — Zones for a square lattice 
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Fig 31 6 — Square lattice, reduction ol Lho first zones. 
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correspond to the actual periodicity and symmetry of the 
perturbation function and not to those of the lattice itself 
This may be the case when the individual electronic clouds 
around each atomic nucleus already possess a certain structure 
(atoms in P, D, states) and do "not exhibit sphencal sym- 
metry (<S state) for the isolated atoms 

Once the zonal structure has been obtained, most of the results 
established in the first chapters for one-dimensional structures 
can be readily extended to two-dimensional problems Zones 





2d, 2d, 

(i ) Cross section at 3^+ 0 (rf) Cross section along Op 


Fio 31 7 

1, 2, 3, . correspond to intei\al.s of similar numbers in one 
dimension, as explained in Fig 27 1 The frequency r was a 
periodic function of peuod 1/d in one dimension, and contmuity 
across the boiindaiy of the fii’st zone meant that the rfa) eurve 
should reach this boundary with a horizontal tangent In two 
dimensions v(a) is a fimction of the two variables Oj, and a, 
(components of a), and it must reach the boundary of the first 
zone with a zero normtil derivative We can plot a map of r 
inside the zone, using lines of eipial y values (like lines of equal 
altitude on a map), and obtain a drawing like the one represented 
in Fig 31,7a A cross section of the map along Ox yields a 
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curve similar to those of Chaps I, II, and III (Fig 31 76) 
Another cross section at a„„ gives the curve of Fig ^31 7c with 
horizontal tangents in the middle and at the ends of the interval 
A radial cross section along Op, as shown in Fig 31 Id, shows 
no horizontal tangents at the ends of the interval The dis- 
tinction between the radial derivative dv/dp or a normal deriv- 
ative is also exemplified in Fig 31 7a, Avhere the normal derivative 
IS zero along the border of the zone, while the locus of point 
dv/dp = 0 IS represented by the dotted cur\ e One must always 
be very careful not to confuse these two different definitions 
Figuie 31 7 would represent the qualitative behavior of a 
monatomic lattice for elastic vibiations in the case of a rectangular 
lattice (di,d„), and it corresponds more closely to problems of 



the type discussed in Chap III with a low passing band The 
phase velocity in the i and y directions is different, and the 
limiting frequency (cutoff) vanes all along the lioundary of 
the first zone It depends upon the direction of propagation as 
well as the lattice structure 

A polyatomic lattice is one containing seveial atoms in the 
fundamental cell, as shown schematically in P'lg 31 8 It is 
often called a lattice with basis, where the woid “basis” is used 
for the bundle of vectors rz, rj, r^, , r„ defining the positions 

of particles M^, M 3 , , M„ of the cell w’lth respect to a 

certain particle Mi taken as the origin This is the two-dimen- 
sional generalization of Phg 17 1 Such problems resulted, in 
the one-dimensional case, in a v(a) curve with N branches, one 
acoustical and the remaining {N — 1 ) optical Here we obtain 
N surfaces covering the first zone The cross section of these N 
surfaces along a given direction is very similar to the cuivcs m 
Figs 3 2 and 3 9 in one dimension 

The NaCl problem may be discussed more accurately m con- 
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nection with the theory developed in Chap IV When the 
particles Mi and M 2 differ in mass, the lattice is a square- 
centered lattice as shown in Fig 31 9 and represents a lattice 
with basis, built upon two equal orthogonal vectors d and d. 
Its first tw.o zones are shown at the bottom of the drawing 
When, however. Mi = M 2 , the lattice suddenly changes its 
character and becomes a simple square lattice, built on two 
vectors d' = d/\/2 at 45 deg Its first zone includes both the 
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first and the second zones of the piei lous structure In this case 
(Mi = Mo) ve obtain i'(a) as a single-i allied function of a 
over the whole big zone When Mi ^ M 2 , the four outer 
triangular sections (second zone) must be translated to the 
reduced first zone, and i'(a) becomes a double-valued function of a 
inside this new firet zone The limits of these zones are at 
+ l/2d and ± 1/d along the x or the y axis (as in the one-dimen- 
sional problem) except for directions at 45 deg , here the hmits 
of the zones coincide The mosaic of the sections of the second 
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zone shows how two points P and P' come in contact with the 
new representation Since v obviously has the same values at P 
and P', by eymmetiy there is no discontinuity of i;(a) along the 
diagonals of the mosaic Both branches of the ^(a) function 
are continuous except at the boundary of the new first zone 

N particles per cell mean N branches m the rCa) function 
when a is restricted to the interior of the first zone It may also 
be thought of as an extension of one branch p(a) over N zones, as 
in the precedmg paragraph. 

A continuous periodic structure is obtained at the limit N —* <*> 
and yields an infinite number of branches inside the first zone or a 
one-branch function extending ovei the whole plane This is 
the problem studied in Secs 28 and 30 For a uniform medium 
with constant properties, the one-branch function 

V = B'a 

extends all over the a plane Periodic perturbation introduces 
discontinuities in the function rta) on all lines chosen as the 
limits of a zone (Secs 27 and 29) and corresponding to Bragg 
reflection A large perturbation simply inci eases the discon- 
tinuities without ever changing their location in the a plane 
All the sections of an arbitiary zone can be brought back to the 
first zone by translations Aibi -|- /ijbj in the reciprocal lathee 
and fit mto a mosaic just covering the first zone When this is 
done, each zone yields one branch of the ^Ca) function reduced 
inside the first zone 

As stated before, experimental e\idence shows that an actual 
crystal lattice exhibits the complete row or plane system, with no 
set missing Therefore, the complete Founei expansion of 
Sec 26 and the complete system of discontinuity lines oi zone 
limits must occur 
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32. Direct and Reciprocal Lattices in Three Dimensions 

The lattice in three dimensions is usually defined by three 
oblique coordinates The elementary cell ls thus a parallele- 
piped We take the basis vectors di, dj, and da to be the vectors 
joining the origin of the lattice with three particles in the lattice 
that do not all he in the same plane These vectors define the 
first elementary cell Then any other set of basis vectors* is 
defined by 


d'l — aiidi -|- ofndj + aiada 
d^2 ” 0!2idi -f" ofjada -f- otaada 
d^a “ <*3idi -|- ocaadj -|- aaada 


a,t = positive or 
negative integers 


(32 1) 


where the determinant of the a,- must not be zero to ensure that 
d'l, d'i, and d'a are not hneaily dependent, ? c , d'l, d'j, and d's do 
not all he in the same plane A lattice point is given by the vector 

— fidi -|- hdi fada (32 2) 

where h, U, and h are mtegers Points in the first elementary 
cell have vectors of the form 


r — iidi -|- f 2 d 2 -|- tada (32 3) 

where If.l < 1 Any other pomt m the lattice may be obtained 
by adding veetoriallj'' the vector for the origin of the cell in 
which the point lies to its vector from the origin of its cell 

The reciprocal lattice is defined in exactly the same fashion as 
for two dimensions Its basis vectors bi, bj, and ba satisfy the 
nine equations analogous to Eq (25 3) 

(b. d*) = 6.* (32 4) 

The propagation vector for a wave propagating in the direct 
lattice IS drawn in the reciprocal lattice as before The analogue 
' See footnote on p 95 
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to the fact that diiect and reciprocal celK have recipiocal areas 
in two dimensions [Eq (25 14)] is that they have reciprocal 
volumes in three dimensions 


V,\\ = 1 


(32 5) 


To prov’e this, we note that ba is perpendicular to di and dj fiom 
Eq (32 4) Thus we may wiite 


Now 


ba — fc(di X da) 


(ba da) = 1 = A'lda (d, X d.)] = kVn 
Therefore, k = 1/Fd, and fiom Eq (32 (i) it follows that 


(32 (i) 
(32 7) 


ba — T— (di X da) 

1 ll 

Similarl 3 ’’, 

bi = ^ (da X di) ) 

ba = iT- (da X di) j 
t d / 

and conversely 

di = (^2 X ba), 

da = (b, X b,) (32 10) 

* b 

^ [(d^)^da) ^b._X b.)] 

Fdl b 

and if we break the vectois in the numeiator up into their 
Cartesian components and reaiiange them, it becomes 


da — -fr- (bi X ba), 
r b 

Therefore, 

(ba da) = 


(32 8) 

(32 9) 


(di bi)(d2 b>) — (di bi)(di bi) — 1 


so that we obtain the desired relation 

Another theorem that we shall find useful is that the position 
vector of any lattice point in the recipiocal lattice is perpen- 
dicular to an mhnite set of lattice planes in the direct lattice 
[the two-dimensional analogue is expressed by Eq (25 22)] where 
a lattice plane is defined as a plane passing through a set of 
lattice points Thus, if we denote the position vector of a 
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lattice point in the reciprocal lattice by 

H = fc,b, + h,h2 + A,b, (32 11) 

Avhere hi, hi, and hi are integers, and let 

. = j| (32.2) 

be the unit vector in the direction H, the vector equation repre- 
senting a plane peijjcndicular to the vector H is 


(n r) 


(H r) _ 


(32 13) 


wheie C represents the flistance of the plane from the origin 
Such a plane passes through a point of the direct lattice if 


H hji -|- hji -|- hili 

.H| ' M 


(32 14) 


by direct sulistitution for H and Ri,m, from t]qs (32 2) and 
(32 11) The numeratoi is an mtegei in Xow the distance 
lietwccn those hitticc planes m the* diiect lattice i' gnen bv the 
smallest allowable \anation of the iight-h.ind member of Eq 
(32 11) Since the nurneiator must be integral/ its smallest 
%alue IS 1 and the distance 


d = 


1 

h: 


(32 15) 


if Eq (32 14) IS leduced to lowest terms One may also state 
this theoiein l.v saving that the distance between the lattice 
planes ])ei pencticulai to a gnen dilc*ction n is the reciprocal 
of the distaiK e of the lattice' ]}omt m the lecipiocal lattice nearest 
to the oiigin and in tlie diiec tion n from the origin An analogous 
theoiem may lie stated and pitned in the reciprocal lattice 
The density of points in the lattice planes is proportional to 

6 = 7^ For the y olumc density is constant, and hence the 
|±ll 

number of points per unit urea of the plane is directly pio- 
poitional to 5 _ This lesult is, of couise, also true for reciprocal 
lattices with appropiiate changes in notation 
A vector in the direct lattice may be yvritten 


r — Jidi -|- fjdj -|- fjdj 
* See last sentence on p 98 


(32 IG) 
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where we have the relations 

= (hi r), {2 = (b2 r), fj = (bg r) 

as may easily be verified Similarly, for a vector in the reciprocal 
lattice 

H = ijibi -|- ij»b2 "b ijsbj (32 17) 

we have 

’ll = (di H), = (dj H), ijs = (da H) 

Before going on to the propagation of waves, it is well to give 
some examples of three-dimensional lattices and their reciprocals 




(a) (b) 

CUBIC LAHICE RECIPROCAL CUBIC LAHICE 

Fio 32 1 

The simplest three-dimensional lattice structure is probably the 
cubic lattice shown m Fig 32 la Heic 


(d. d») = 


i = k 
i 7 ^ k 


where d is the length of one edge of the cube From fJq (32 9) 
we obtain the reciprocal lattice ib,] = 1 /d and b, parallel to 
d, This reciprocal lattice, shown in Fig 32 16, is also cubic 
The simple cubic lattice does not occur naturally There aie, 
however, some related lattices that do Let us consider the 
face-centered cubic lattice shown in Fig 32 2a This lattice has 
atoms in the center of each of the faces of the cube as well as at 
the comers We think of the elementary cell in this lattice as the 
parallelepiped determined by the lines AE, AF, and AG The 
volume of thes cell is Vd = d^/4 if the edge of the cube is d 
The cell based on these vectors contains only one atom A, all 
others being considered as belonging to similar adjacent cells 
It 18 easily venfied that linear combinations of these three 
fundamental vectors give all the points in the lattice The sum 
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of the three vectors leads to B, while AE + AF — AG yields 
point D The cube d cannot be used as a fundamental cell 
since it contains four atoms instead of one If the atoms 
located in the faces of the cube were different from those at the 
corners, the lattice would become a- cubic lattice with a basis 
AEFG, but this point of view is not logical for equal particles. 

To obtain the reciprocal of the face-centered cubic lattice we 
make use of the theorem that a vector in the reciprocal lattice 
drawn to the point nearest to the origin in a given direction is 
perpendicular to a set of lattice planes m the direct lattice and 
has a magnitude equal to the reciprocal of the distance between 



(a) (6) 

FACE CENTERED CUBIC LATTICE BODY CENTERED CUBIC lAHICE 
AE AF AG BASIC VECTORS A'D' A'C' A'h' BASIC VECTORS 

Fia 32 2 

these lattice planes The distance between the lattice planes 
in the direction AD is d, 2, and hence there is a point D' of the 
leciprocal lattice m this diiectioii at a distance 2/d from the 
point A' (see Fig 32 26) Similarly, there are points at distance 
d/2 from A in the directions AI and A// The correspondmg 
points arc indicated by 7' and 77' in the reciprocal lattice There 
IS only one set of planes m the direct lattice separated by a 
distance greater than <7/2, nz , those parallel to the plane deter- 
mined by DEIGHF Thus there can Itc only one point m the 
first cube of the reciprocal lattice besides those already found. 
All other points wnll be in different cells The planes are shown 
in Fig 32 2a These planes arc separated by a distance 
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and hence 

whe„ 4 = ? 
h d 2 d 2 d 

gives the position of a lattice point in the leciprocal lattice in 
the direction A’B’ 7'hi.s jKiint is at the center C of fhe cube 
This structure — a cube with a point at its center— is called a 
body-centered cube I’hus the leciprocal of the face-centered 
cubic lattice is a body-centered cubic lattice It may easily be 
shown by similar reasoning that the converse statement is true 
The reciprocal of a body-centered cubic lattice is a face-centered 
cubic lattice The first cell of the body-centered cubic lattice is 
taken as the parallelepiped determined by the lines A'D', i'H', 
and A'C The volume of this cell is one-half the volume of the 
cube 



as it should be Many othei examples may be found in books on 
crystal structuie, for instance, P P Ibv aid's book 

33. Zones in Three Dimensions and Bragg Reflection, Ewald’s 
Construction 

The discussion given in Chap VI can be used without any 
change for three-dimensional problems We used vector nota- 
tion, which works just as well for three as foi two components 
The areas Sd and Sb are to tie replaied liv' the volumes Vd and 
Vb as in Eq (32 5), and atomic planes in the direct lattice replace 
the atomic rows occurring in two dimensions, as explained in 
Eq (32 14) 

Triply penodic functions are expanded in triple Fouiiei 
series in exactly the same way as in Sec 20 for two dimensions 
The coefficients C*,*,*, with three integral indices hi, hn, h, will 
simply be vvntten Ck for convenience The proof of the perio- 
dicity of V as a function of a is carried out exactly as in Sec 27 
and may be briefly repeated here on account of its importance 

A point in the direct lattice is given by 

R = fidi -b f,d2 -t- fada (33 1) 

where li, It, and U are integers and di, da, and da are the lattice 
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vectors An arbitrary’ vector in the direct lattice is given by 

r = fidi + { 2 d 2 + fads (33 2 ) 

where fi, £ 2 , and £a are the components of r in the directions 
di, da, and da, respectively If a wave is propagating through 
the lattice and can be observed only at the lattice points R, we 
may express the disturbance ^ by 

^ (33 3) 

where a is the wave I'cclor and is regarded as a vector of the 
reciprocal lattice The function ^ is e\ idently periodic in a and 
R. Tlic \ettoi 

a’* = a + ^ibi + Aaba (33 4) 

where hi, h^, and h^ are integers, will descrilic the motion at th^ 
lattue points just as well as a, for 

(a'* R) = (a R) + A,(b, R) + h,{h, R) + Aalba R) 

= (a R) + hill + hJi + hJi = (a R) + integer 

Since the same motion can be repiesented In a 01 any arbitrary 
a'l,, the ficqueiicy must he a periodic function of a aKo, with 
the peiioduity bi, bj, and ba of the rciipiocal lattice 

VVe wish to set up coinentioiis foi eliminating all but one of 
the values for a, i c , define zones to which a is to l>e restricted, 
as was done 111 Set 27 for the two-dimensional case The 
method is exactly the same, and we take the hrst zone to be a 
volume icnteied upon the ongin 0 of the reciprocal lattice and 
limited hv plane pei|)endu ulai In-ectois of vectors in the recip- 
rocal lattice The first zone has a volume I'l, equal to the 
v'olume of the elemental v’ cell in the reciprocal lattice, and any 
point m space can he hrought hack into the first zone by H 
translations m the reiiprotal lattice 


H = ;i,b, -I- /i2b2 -I- /i,b, 

Higher zones surrounding the first one are built in a similar way, 
and some actual examples will be given below 

The choice of these particular planes, bisectmg and perpen- 
dicular to the V'eetors of the reciprocal lattice, is based on the 
analysis previously given in Secs 28 and 30 for two dimensions 
The theory of waves propagating through a continuous medium 
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With a small periodic perturbation is identical with the two- 
dimensional theory, and one must distmguish between 


Case 1, where all la'*! {a| 

Case 2, where one certain a'A, say a'„, is |a'„l ~ la] 

where a'A is a vector (33 4) Case 2 arises when two vectors 
a'„ and a having almost the same length can be found, such that 
their difference is a vector of the reciprocal lattice 

a'n — a = H = fiibi -|- fijbj -|- fiabj (33 6) 


(33 5) 


A geometrical mterpretation of this condition was presented in 
Sec 29 where it was proved that the circumstances leading to 
case 2 were identical with those yielding Bragg’s reflections in 
the crystal This ls always true if atomic rows are replaced bv 
atomic planes in the direct lattice 

Another geometrical interpretation w as given by P P Ew aid 
^ From point 0 of the reciprocal 

lECiPROCAL he draws a vector a to 

LATTICE point P A spheie is diawii with 
ladius |a| about the point P at 
the end of the vector a. If it 
• happens that this sjihcre passes 

through or near to a second point 
B of the reciprocal lattice, we 
obtain a discontinuity in the 
frequency as a fumtion of a. 
The reason for this is that there is some a'„ that just fulfills 
Eq (33 6) There is no way of telling from the motion of the 
lattice points which of vectors a and a'„ should lie preferred 
Since the two vectors have different directions, we must assume 
that the motion is given by a superposition of the tw'o waves 
One of these is an incident \\ave and the other a reflected wave 
(Bragg wave) There will be two values for the frequency for 
this single value of |a| and hence a discontinuity in the c vs a 
curve 

We note that when Bragg reflection occurs, the vector ter- 
minates on a plane that is the perpendicular bisector of the line H 
jouung two lattice points of the reciprocal lattice This justifies 
the rule for constructmg zones We construct planes that are 
perpendicular bisectors of lines joining lattice points with the 
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ongin The smallest polyhedron bounded by such planes is 
the first zone The area bounded by the first zone and the 
second smallest polyhedron is the second zone and sinularly for 
higher order zones 

34. General Results for a Wave Propagating in a Three-dimen- 
sional Periodic Medium 

The problem of wav'e propagation in a continuous medium 
with a small periodic perturbation was discussed in Secs 28 to 30 
for two dimensions The re.sults immediately extend to three 
dimensions without any difficulty 

We shall now discuss the general problem of wave propaga- 
tion in a periodic medium, without restricting our discussion 
to the case of a small periodic perturbation The following 
sections will contain various applications and examples of this 
general theorv 

The three-dimensional wave equation is 

V V + ^ = 0 (34 1) 

We confine ourselves to waves in a periodic medium, and there- 
fore we maj'^ assume 

■jli = Fix) (34 2) 


where F{i) is periotlic in the three directions spiecified by the 
lattice \ectors di, dj, and dj, i c , 

F(t) = Fix -b Tiidi -b iijdj -b Wjdj) ni, nj, and nt integers 
The basis vectors of the reciprocal lattice are bi, b;, and bj, where 


(b. d,) = 

F{x) may be expanded in a tnple Fourier sum 

p — vf ^ r) + miCfti r) + »iiC6| r)l (34 3) 

The solution of Eq (34 1) may also be expressed as a Fourier 
sum 

^ = yl(r)e*"l'‘-<“'>l (34 4) 

where A is to he periodic in r and may be written 

^ _ 2i4m m + r)+iii|(fc| r)] 


(34 5) 
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The form taken for the ^ solution in Eq (34 4) will be justified 
by the following discussion It is generally known as F Bloch’s 
theorem and represents the geneialization for three dimensions 
of an old theorem dating back to Floquet for the one-dimensional 
problem of INIathieu’s equation, which is discussed in the next 
chapter Combining Eq (34 4) with Eq (34 5) yields as a 
Fourier sum 

lA = (34 ()) 

where 

= a — m,bi — m>b> — niabs (34 7) 

The last three terms in hlq (34 7) specify a lattice point in (he 
leciprocal lattice 

Substitution of the solution (34 0) into the wave eciuation 
gives a relation between oi and a The liaplacian of an 
arbitrary term of the sum in Eq (34 0) is 

and substitution in Eq (34 1) gues 


VV 4ir= V . 1 , 


|2,.-2».(<l'„ 






2r'in,(6, r) 


V I 2 ri[(o r) d) 

^ • I pip 

P* 


(34 8) 


replacing a'„„„p, by its equivalent gi\en in Ei] (34 7) We 
introduce new sulisciipts nii, jn^, and in the last foim of 

Eq (34 8) as follows 


m, n. + p, 


(34 !)) 


Equation (34 8) may now be wiitten in the form 


2L/ 


iwijwil® fniTnjmil ^ 

= ^ 2 (34 10) 

mi Pi 


and equating corresponding terms, we obtain, finally. 


1 


mla I, 


2 


P M — « 


^m—p^ 


V 


(34 11) 
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where m and p stand for each set of three indices mimirrii and 
P 1 P 2 P 3 , respectively This gives an infinite set of linear homoge- 
neous equations to be solved simultaneously for the A’s This 
can be wntten 



(34 12 ) 


where „ is a Kronecker symbol that is unity when wii = pi, 
wii = Pi, and mi = pa, and zero otherwise After dividing by 
|a'„|^ the equation reads 


= 0 (34 13 ) 


This set of simultaneous homogeneous equations in the A p’s has 
a nontnvial solution only if the infinite determinant is zero 


I C„-„ 

l|a^i = 


1 . 
n Off 


= 0 


(34 14 ) 


This means that the 1, v- aie the proper values of the infinite 

deteiimnant I; Tts 4'he structure of the general equation is 

II® mr' 

better undei^tood if the deteiminant is explicitly ^^ntten, vith a 
one-diineiisional problem (one subscript tm or p instead of three) 
.us .111 example 


p = 




-2 

-1 

0 

1 


-2 

-1 

Ta 1 

r , 


la'-il’ 



la'-il’ 


^'3 

c, 

|a'o|> 

|a'';i’ 

r, 

C, 

la'll’ 

k.l’ 


0 

1 

r_, 

r_. 

la'-,l« 

r_, 

la'-:!’ 

C-L 


l«'-ii’ 

("» 1 

C-, 

ia'ji’ k' 

C. 

la'ol' 

r„ 1 

la'll’ 

|a',|> 


C_s 

|a'o|> 

r_, 


(34 15) 
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where one should remember that expansion (34.3) must represent 
a real function F, hence the relation 

C_„ = 

The equation is obviously symmetrical in all |a'„|*, and so are the 
solutions 

= /( la'„|^ ) (34 16) 

Some general results are thus provided 

a The frequency p is a periodic function of the a vectors, 
with the periods bi, b 2 , and bj of the reciprocal lattice, since 
replacing a by any a'm just changes the names of the a vectors 
without changing the set of a vectors as a whole This is also 
shown by the fact that the wave itself [Eq (34 (>)] contains all 
the a'„ vectors in a similar way and offers no possibility of assign- 
ing to any one of these vectors special importance 

h Changing a into —a makes a similar change in all vectors, 
since 

— q! n — — (a — rriibi — — Wabs) = — a -i- mjb| Tn^by 

-1- maba = (-a)'_„ (34 17) 

Hence, the same frequency is obtained for two similai wa\es 
propagating m opposite directions 

c The frequency v depends symmetrically upon all vectois 
a.'„ and contains only the absolute value of these vectors, not their 
direction This supports the rule used for the dehnition of the 
boundary of the zones, which was based only on the cvistence 
of certain relations between the lengths of the vei tois a'„ The 
zone boundaries are obtained for a small periodic perturbation, 
as discussed m the next section 

Zone boundary |a| = |a'm| (34 18) 

The definition of the first zone, for instance, is justified in this 
way Among all the entering the expansion of the wave 
[Eq (34 6)] we chose the smallest |a| as the parameter This 
special vector a is u.sed to specify the w'ave, but for each a we 
obtain an infinite number of waves, with an infinite number of 
frequencies that are the roots of the infinite determinant [Eq 
(34 14)1 

These mfinite determinants will be encountered in the theory 
of Mathleu’s equation, which will be discussed in the next 
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chapter The Mathieu problem corresponds to one dimension 
when the determinant (34 15) is obtained, and this special case 
has been completely computed by Hill and Whittaker (see 
Sec 43) It would be very interesting to obtain an extension of 
Hill's results for three dimensions, but this problem has not yet 
been discuased 

We shall now examme the problem for the^case of a small 
periodic perturbation 


36 Waves m a Homogeneous Isotropic Medium with a Small 
Periodic Perturbation 

The problem of the propagation of waves through a three- 
dimensional homogeneous isotropic medium w ith a small periodic 
perturbation does not differ from that for two dimensions 
treated in Sec 28 We assume that 1/F“ is almost constant with a 
small periodic variation 

^ (35 1 ) 

To continue the discussion we expand / in Eq (35 1) as a 
Fourier sum 

/ = with cooo = 0 (35 2) 

'I’hcn in the expansion of F(r) = 1/T'* may be written 

in the following form 


1 

I’ 2 

1 0 


f^nirun, « ^Otii + ec nin 


with Kronecker symbols 5, which mean 


(35 3) 


Cooo — T'”! finite 

1 0 

ami all other 

infimtely small 

This means that the determinant (34 14) or (34 15) has finite 
terms only along the piincipal diagonal, while all off -diagonal 
terms are infinitely small We want to expand the determinant 
in pow ers of t The term independent of c is the diagonal term 


I (35 4) 
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which we may ivrite as 



m 



1 


(35 G) 


The next terms m the expansion are m e“ and are obtained by 
replacing the tAms n and p on the diagonal by the (n p) and 
(p n) nondiagonal terms These terms have a minus sign 
according to the law of determinants 


2 \' I I / 1 1 \ 

v^jy.vWpY- 

2 n c 


n,p 

m^p 


= _.2T7 4 


n.p m 

n^m^p 


A |fn-,P 
PV P"^Pp' 


(35 7) 


To make this piocess clear, let us consider the determinant 
(34 15) and ivrite the term « = 0, p = 1 




C- l V 

|a'„p |a'.rA!a'“.r 



We shall not attempt to compute terms in e^, (iioup- 

ing terms (35 G) and (35 7) together, we obtain for oui determinant 


D = 0 = 



n p 



m 

p 





(35 8) 


We can now discuss the solution of this equation The first 
approximation is obviouslj' olitamcd by making the product 
(35 6) of the diagonal terms zero, which means that v must be 
equal to one of the p„’s 


P = Pra (35 9) 

This IS correct as long as no tw'o values p„ and Pp are too close 
together, which means 

Case 1 . 

All p„ 9 ^ Pp or all |a'„l® |a'p|“ (35 101 
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An exception anses when two values and Vp are close enough 
to make both terms of equal order of magnitude in one of the 
square brackets of expansion (35 8) 

Case 2 

Vn Vp or |a'n|^ « la'pl* (35 11) 

When this occurs, we can no longer neglect the terms, and 
instead of simply riting 




= 0 


i\e must take the comiilcto square bracket from Eq 
write 




(35 8) and 
(35 12) 


an c(juation that mdudes lioth case 2 of Sec 28 and the case 
disc iisscd in Sec 30 

In order to s(*o this cleaih, IcAois use the same notation as in 
Chap \ f, Secs 28 and 30, and choose one of our two tectors, 
a'„ for instance, as \ec'tor a. This is always allowed on account 
of tlie oqunalence of all \ec‘torb a'm. Hence we write, instead of 
(35 in, 


p„ = Co, |a'„| = |a — Wibi — Msb: — riabsl = |a| (35 13) 


'I'o make the comjiaiison with Sec 30 easier, let us call ao the 
\ec-toi for whicli the ic'lalion (35 13) would l>e exactly satisfied 
and take* 


|ao — Bl = |a(,|, B = iiib, + iinb^ + njba (35 14) 
Then the case of the approximate condition (35 13) is defined by 


a = So + i/B 

B + i;B 


a'„ = ao 


•q small 


(35 15) 


which coiiesponds to the definitions (30 1) and yields, as in 
Eeps (30 3) and (30 4), 


or 


|al“ = |aoi* + 27,(ao B) 1 

la'„l* = laol* - 2,,(ao B) | 

v’ = I'o^ + 2»jTo®(ao B) I 
Xn® = I'o’ — 2TjFo’(ao'B) ( 


(35.16) 
(35 17) 
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With this notation, Eq (36 12) can be transcnbed as 
[A + — 4 B) - -\1 [— , - Fo»(ao B) 

Vo* I"*] [•'0 Vo* V^] 

c 1® 

- t^Vo* , = 0 

but can be replaced by Po^ m the last term, which is already 
small like 




- ^ FoHao 

Co* 


B)* 


which yields 


t*Fo‘H' = 0 (35 18) 

Co* 


\ = Vco-lc,!’ + [2/i(ao B)]S A = ^ (35 19) 

V^ Co Co t 

This IS exactly the same as Eq (30 13), where we had 

= Wo* ■(■ tk\ (28 7) 

ki= ± Fo’It* Vc7Vn!*“-r'[2A(^"lB)? (30 13) 


which means 


c‘ 

1 


Co* + , A, 

J t 

Co* Itt^co* ' 


and checks with Eq (35 19) 

Thus the general method developed in Sec 34 checks com- 
pletely ivith the approximation previously discussed iii Secs 28 
and 30 Just as m this previous discussion, case 1 is character- 
ized by one amplitude coefficient A much larger than all other A 
coefficients in expansion (35 6), and the definition that gives 
the best connection with the problem of the uniform homogeneous 
mechum consists in calhng i4ooo this specially large coefficient, as 
was done in Sec 28 In case 2, two A coefficients are of the 
same order of magnitude, and accordmg to the notation (35 14) 
one of them is called ^ooo and the other one ^4 

The whole theory of zone structure was based on the discus- 
sion of Secs 28 and 30 and finds here a more complete and general 
foundation 
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36. General Remarka on Waves in a Discontinuous Lattice 

We have defined in Sec 31 a lattice with basis for two dimen- 
sions (Fig 31 8), and the same definition applies for three 
dimensions The whole lattice is based on three vectors di, dt, 
and da as before, and inside each d cfell there is a certam number 
N of particles, whose positions with respect to the origin of the 
cell are 

fll fit I fy 

and whose masses are taken as il/i, Mt, Mf., respectively 
If iV = 1 , we obtain the monatomic lattice, w^th one particle per 
cell, and it is convenient to take ri = 0 and have this particle at 
the origin of the cell In the general case, an arbitrary particle 
k anywhere in the lattice is located at 

r = r, -f- Widi -j- Hjd; nsdj (3G 1) 

where particle k is the jth particle m cell {ni,n 2 ,n^ A general 
scheme for propagation of waves through such a lattice was 
given in Sec 17 for the one-dimensional case It could be 
develojxjd in a similar way for three dimensions For each 
j type of particle in the lattice we could wnte a wave 

(36 2) 

but It IS more comvenient to include the exponential 

in the complex amplitude A, and to keep the same miagmary 

exponential in all the ] waves 

gUwl— I 

ki = 2ff(a di), fcj = 2-r(a. d»), ks = 2ir(a da) J 

as we did in Sec 27 for two dimensions The wave motion of 
particles j is then desenbed by 

A, = A (36 4) 

There will be N constants A|, Aj, , Ay, m general complex 

to include the phase of particle j with particle 1 

As in the one-dimensional case we will have N equations of 
motion, and substitution of Eq (36 4) m the equations of motion 
will yield N hnear equations m the A, Each A, is a vector 
function and has therefore three components, thus yieldmg 
altogether ZN Imear homogeneous equations to be solved simul- 
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taneously As before, we equate the determinant of the coeffi- 
cients of the A, to zero, which yields an equation of degree 3iV 

m This means that for each 
value of a m the first zone of the 
reciprocal lattice, there will be 
ZN values for the frfequency 
This is shown schematically in 
Fig 36 1 

The number of branches for the 
function p(a) is thus equal to three 
tunes the number N of particles 
per cell A continuous periodic 
medium may be regarded as the 
limit N —* aa Uncertainty in 
the wave vector a is best avoided by restricting a to the interior 
of the first zone 

37. Some Examples of Zones m Three Dimensions 

The face-centered and body-centered cubic lattices were dis- 
cussed m Sec 32 (Fig 32 2) where it was proved that they are 
mutually reciprocal The face-centered cubic lattice is of special 



Fig 37 1 — Face-centered cubic lattice 

importance since it represents one of the possible structures for 
close-packed spheres The lattice can be described as in Fig 
32 2a, and also as in Fig 37 1, which obviously represents the 
same structure since it is derived from Fig 32 2a by translation 
of 3^d parallel to the axis Looking at this cubic structure 
from the direction of the arrow and takmg the diagonal OZ 
as the vertical axis, we obtain the drawing of Fig 37 2, which 



Fio 36 1 


Sec 87] 


THREE-DIMENSIONAL LATTICES 


149 


represents the same lattice as the hexagonal structure shown m 
Fig 37 3 This 18 one of the possible structures obtamed by 
pilmg up equal spheres provided that the distance from the 
central sphere to its twelve neighbors is the same, and this is the 
case for • 

^ = 2 ^ = 1 633 (37 1) 


where the distance c measured vertically from A to 5 is slightly 
leas than the distance BE = -\/3 d = 1 732d The structure 
repeats itself after a vertical distance (^)c 



• ••• Mam Horizontal Plane 

• • • Top 

O 0 © Bottom 

Fia 37 2 — Face-centored cubic lattice 



bic lattice 


There i.s another possible structure for close-packed spheres 
shown m Figs 37 4 and 37 5 It obviously has exactly the 
same density as the face-centered cubic lattice Comparmg 
Fig 37 3 with Fig 37 4, we notice that m Fig 37 3 the lower 
atoms are diagonally opposite to the upper ones In Fig 37 4, 
on the other hand, the lower atoms lie just below the upper 
ones, and the structure repeats itself after a vertical distance c 
This remark shows immediately that the hexagonal lathee of 
Figs 37 4 and 37 5 is not a simple Bravais lattice built on three 
vectors di, ds, and ds, but that it represents a lattice with basis 
according to the definition given m Sec 31 (Fig 31 8) 

In the case of lattices containing only one type of particle, the 
following criterion can be used to distinguish between a simple 




150 


WAVE PROPAGATION 


[Chap VII 


Bravais lattice and lattices with a basis Taking a vector OA 
from one particle 0 to another A, we construct its negative OA' 
(Fig 37 6) If the lattice is a simple Bravais lattice, there 
must be an atom at the pomt (as m Figs 37 2 and 37 3) If 
there is no atom at A' (as in Figs 37 4 and 37 5), the lattice 
has a basis Hence, the face-centered cubic structure, which 



FiCf 37 4 — Hexagonal cloae- 
packed lattice 



/ 



Fig 37 6 



• • • Mam Horizontal Plane 
o o o Top and Bottom 

Fio 37 5 — Hexagonal cloic-par ked 
lattice 



Fio 37 7 — Hexagonal cloao-packed 
lattice 


looked like a structure with a basis, actually represents a simple 
Bravais lattice The hexagonal close-packed lattice, however, 
cannot be represented that way and actually possesses a basis 
The fundamental cell contains two atoms as shown in Fig 37 7 
where AQ represents the basis vector In this hexagonal lattice 
as m the face-centered cubic lattice of Fig 37 3 

AB = c = I 633d, BE = 1 732d 
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for spherical particles Both structures can be projected on a 
vertical plane passing through DF as shown m Fig 37 8 In the 
reciprocal-lattice discussion of a lattice with a basis, all additional 
atoms mside the basis must be ignored, and the discussion refers 
only to the three fundamental vectors di, d 2 , and ds. In the 
hexagonal structure of Fig 37 7, for instance, we ignore the Q 
points on the level and look only for lattice planes runnmg 
through the pomts on levels O or c In a horizontal projection. 


B 1 732d 



-• — d »- 

B 1 732d 



E ' 

'q 



H 


J 1 1 

3 3 3 


( 6 ) 

HEXAGONAL 


Fio 37 8 



Fia 37 9 — Hezasonal close-packed lathee 


the hexagonal structure is the same as in Fig 31 2 for two 
dimensions and the reciprocal is another hexagonal structure 
with the side 


6 = 


2 

\/3d 


(37 2) 


as drawn in Fig 31 3 Looking at the vertical projection in 
Fig 37 86, we obtain the fundamental cell represented by ABEH 
with dimensions 



and 


AB = c = 2 



(37 3) 
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1st zone- central cube 

2nd zone -between central cube and dodecaeder 


Reduction of 2nd zone 
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This gives us the reciprocal lattice shown in Fig 37 9, a flat 
hexagonal structure whose vertical projection is also given 
Let us now discuss the zone structures Starting with a cubic 
lattice, we obtain the zones represented in Fig 37 10, where the 
first four- surfaces have been drawn and the reduction to the first 
cubic zone is indicated on the nght with the three-dimensional 
mosaics obtamed by translations parallel to the side of the cube 
A face-centered cubic lattice has a body-centered cubic lattice 
as its reciprocal The first zone is shoivn in Fig 37 11 and has 
the same shape as the fourth zone of the cubic lattice The 
fundamental cell of the direct lattice has a volume (four 



Flo 37 11 — fare-centered cubic 
lattice, first zone 



Fio 37 12 — Bod>-centeped cubic 
lattice, first zone 


points per cube) , hence the first zone and each fundamental cell 
of the reciprocal lattice ha\e a volume of 4/d’ 

A body-centered cubic lattice has a face-centered cubic lattice 
as its reciprocal The first zone is shoiiTi in Fig 37 12 and is 
similar to the second zone of the cubic lattice The volumes 
are I'id* for the direct lattice and 2/d’ for the reciprocal lattice 
and the first zone The second zone is similar to Fig 37 11 
A hexagonal lattice wnth arbitrary d and c has a hexagonal 
reciprocal with 2/\/3 d and 1/c as shown m Fig 37.9 The first 
zone IS a hexagonal cell looking exactly hke Fig 37.9 First 
and second zones are shown m Fig 37 13 
Let us now consider the transition from a continuous medium 
to a discontinuous lattice Starting from a homogeneous 
isotropic continuum and a certam type of wave (longitudinal 
elastic waves, for instance), we first introduce a shght periodic 
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perturbation with the face-centered cubic distribution This 
introduces discontinuities in the vCa) relation on all plane surfaces 
corresponding to zone boundaries Instead of letting a run from 
0 to 00 , we may reduce all vectors a inside the first zone, since 
each higher zone possesses sections that give a continuous p(a) 
branch inside the first zone, and finally we obtain an infimte 
set of successive branches inside the first zone This is the 
three-dimensional equivalent of the process described by Fig 
17 2 for one dimension Increasing the periodic perturbation, 
we Bnally reduce the structure to the discrete atoms located 
at the points of the face-centered lattice In this process all 
the upper branches of the v(a) curves rise to infinity and dis- 
appear The only remaining branch is the lower one, and 



Fig 37 13 — Hexagonal lattice, first and second rone 


Fig 17 2 reduces to Fig 2 46 A very similar process of trans- 
formation was discussed at the beginning of Sec 16 

Let us now follow the same procedure inth a hexagonal close 
packing The periodicity is hexagonal, but there are two atoms 
in each cell The transformation will lea\c us with two branches 
in the first zone instead of one The final will be similar 
to the double curve or the one-dimcnsional NaCl lattice (Fig 
16 1), instead of the single curve of Fig 2 46 In Sec 16 we 
discussed the transition from the case of two different masses 
M 1 7^ Mi to two equal masses Mi = Mi, and Fig 16 1 explained 
the transformation A similar discussion could be applied to the 
transformation indicated in Fig 37 14 and obtained by straight- 
enmg the vertical atomic line, thus going from the close-packed 
hexagonal lattice of height c to the simple Bravais hexagonal 
lattice of height The fundamental cell of the latter has a 

volume one-half that of the original Its first zone has a double 
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volume, bemg twice as high as the onginal one of Fig 37 13 In 
this first zone we should find just one i/(a) branch, but as soon 
as the perturbation corresponding to the zigzag of the vertical 
lines 18 introduced, this zone is cut m two, and the single branch 
splits mt© two branches in the new first zone The procedure 



(a) (b) 


Fio 37 14 

along the z axis ls exactly the same as in Born's discussion of the 
NaC’l reduction 

38 Zones m the Direct Lattice; Principle of the Wigner-Seitz 
Method 

lA 2 t us return to the problem of «ave propagation in a periodic 
medium for three dimensions, as discussed in Sec 34 We found 
that the general solution could be untten as m Eq (34 4) 

^ = .l(r)c2^''"-<°'-'i (34 4) 

Mith an amplitude .1 (r) that is a jienodic function in the direct 
lattice This offeis the possibilit> of defining the function .4(r) 
inside a single d cell or inside a closed suiface containing a volume 
equal to that of an elementary d cell 

This IS the basis of the Wignei -Seitz method of treatmg the 
theory of solids that we shall discuss biiefly in this section To 
do this, we bleak the vector r of a point in the cell {nitiint) 
into a number of terms 

r = to -H r' 4- nidi -h n.d; -f- nids (38 1) 

To IS the vector for some point in the first cell relativ'e to the 
origin of the cell, Midi -t- n^dj -|- njdj the vector for the origin 
of the cell (nin 2 n 3 ) relative to the origin of the lattice, and r' 
the coordinate of the point undei consideration relative to the 
point to in the cell {niiiinj). r' is to be restricted to values inside 
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a single cell or an equivalent surface This is illustrated in 
Fig 38 1 

Now we must rewrite the solution (34 4) m terms of r' First, 
we note that (a r) becomes 

(a r) = (a To) + (a r') + ni(a di) + njCa ds) 

+ n,(a d,) (38 2) 

lA/O 6^^ 

2T(a d.) = )fc. (38 3) 

Then 

A(r) = A(r„ + r') = r.)+(» r’,]A"{T') (38 4) 

and we regard A"(r') as dehned in the hrst cell only Substi- 
tutmg the expression -4(r) into Eq (34 4), Me obtain 

^ = A"(r')e'‘"'~’“*'“'*’‘'“"‘**' (38 5) 


This IS the M'ave function inside the cell (ninjUs) The ampli- 
tude A” is dehned inside the hrst cell and is independent of 

(ni,ni,n3) 

One may notice immediately 
that Kq (38 5) is the translation 
for a continuous medium of the 
type of definitions recommended 
in Sec 30 for a discontinuous 
structiiie The choice of the first 
cell IS. of course, arbitrary since 
the choice of the basis vectors 
in the direct lattice is arbitrary Wignei and Seitz choose fheir 
elementary cell in a manner similar to that in Mhich zones are 
constructed for the reciprocal lattice, inz , by constructing a 
polyhedron about a lattice point The faces of the polyhedron 
are planes that are perpendicular bisectors of the lines joining 
the point taken as the origin with neighboring lattice points 
This IS shown schematically in Fig 38 2 for a tvcm-dimensional 
lattice 

Some conditions are required to insure continuity of the }// 
function throughout the lattice and to prevent any discontinuity 
across the border of the zone in the direct lattice Let r' be a 
pomt on the boundary, the vector r defining the analogous point 
in the next cell (Fig 38 2) is then 



Fig 38 1 


r — F -|- Widi rijdj -|- njda 


(38.6) 
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This results from the definition of the zones in the direct lattice, 
and ni, n^, and na are small integers such as 0 or +1 if the first 
zone is being used We must obtain a continuity condition for 
4/ and its normal derivative at r'. The condition 

(38 7) 

ensures the continuity of the wave function 4' A similar condi- 
tion holds for the normal derivative For very long wave length, 
Jti, k 2 , and ka are small, as are ni, wi, and na, and one may approxi- 
mately state 

A''(r') = A"(t) (38 8) 

along the boundary 

This is a first approximation, but it is generally necessary to 
use a second simplifying assumption, since the polyhedron 



limiting the Wigner-vSeitz zone offers considerable difficulty as a 
boundary The simplitication used is to replace the polyhedron 
by a sphere of equal inside volume and radius R The corre- 
sponding points r' and r are replaced by diametrically opposite 
points ±r'. 

A''(r') = A"(-r')| 

_ [ (38 9) 

dit I 

This can give only a first approximation for long wave lengths, 
and the discussion of corrections for small wave lengths offers 
serious difficulties 

39. Frequency Distribution for Waves in an Actual Crystal 

The general discussion of the preceding sections leads to very 
important results, which play a prominent role in a number of 
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problems m theoretical physics We do not intend to discuss all 
these problems, but we shall select the oldest one as the most 
typical the theory of specific heat of sohd bodies Let us first 
summarize our mam results 

For any kmd of w'aves (elastic, electromagnetic, or wave 
mechanical De Broglie waves) propagating m a medium wuth 
periodic structure, discontinuities are found m the relation 
between the frequency v and the wave vector a (a vector of 
length |a| = 1/X and pointing m the direction of propagation) 
These discontinuities are obtained wheneier the vector a ter- 
minates on a plane that is a perpendicular bisector of one of the 
vectors of the leciprocal lattice These planes play the same 
role for all waves, whatever their particular nature may be 
For instance, in electromagnetic waves the discontinuities in 
p(a) are directly responsible for the selective reflection of X rays 
(Bragg-Laue spots) This general property is the reason for 
choosing these special planes as limits of the zones defined in the 
preceding section, and the zone stiucture in a gii en ciystal lattice 
is the same for all waves 

Elastic vibrations, for instance, are propagated through a 
crystal lattice as elastic waves Their properties result from the 
discussions of Chaps II, III, and IV and their generalizations in 
three dimensions Assuming N atoms per lattice cell (lattice 
with basis), the best representation of the waves is obtained by 
restricting the a vector to the first zone Each a v ei toi yields 
3JV different wave motions, of which three are of the acoustic 
type and 3(A — 1) of the optical type, as Fig 3() 1 shows 
schematically for the case N = 3 The three acoustic waves 
correspond to the well-knowm waves in an isotropic solid one 
longitudinal and two transverse vibrations In an ideal con- 
tinuous anisotropic medium three vibrations at right angles are 
obtained, none of which is exactly longitudinal or transverse 
In the crystal lattice with discontinuous structure, there are 
still three different acoustic waves for each a vector, but their 
properties are much more complicated than for a continuous 
medium We may, for the sake of visualization, call the waves 
longitudinal (t) and transverse (fi,tj), but these names do not 
correspond exactly to the properties of waves in a lattice structure 

The hexagonal lattice, although it contains only one type of 
atom, IS a lattice with basis and yields three acoustic branches 
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and three branches of higher frequency, which may be called 
optical A real monatomic crystal lattice (such as the face- or 
body-centered cubic structure) is one without basis and contains 
only one atom per cell It yields only three acoustic branches 
and no optical branches 

The volume of the first zone equals the volume Vi of the 
fundamental cell in the reciprocal lattice, and 

Vi = (39 1) 

where Vd is the volume of the cell in the direct lattice 

All this refers to an infinite crystal lattice Now what can 
be said about a finite piece of crystal of volume V, contammg, 
for instance, one gram molecule and a total of JJl atoms'^ 

31 = G OG X 10’’ Avogadro’s number (39 2) 

The vibrations of such a bounded crystal lattice depend upon the 
properties of the infinite lattice and upon the boundary conditions 
These conditions are usually very troublesome in all problems of 
elasticity Even in the case of an isotropic continuum, boundary 
conditions generally result in mixing all the wave types A lon- 
gitudinal wave, for instance, falling upon a plane boundary 
gives a reflected longitudinal wave but also excites a transverse 
reflected wave For an ideal isotropic continuum, there is a 
boundaiy condition that avoids these complications — a perfect, 
smooth, and rigid boundary — but it does not work for crystal 
lattices M Bom invented for that purpose a very ingenious type 
of condition which he charactenzes as cyclic condition He 
takes an infinite unbounded medium through w’hich plane w'aves 
can propagate freely and selects inside this infinite medium a 
finite volume V, w Inch is a rectangular parallelepiped 

0 ^ X ^ L,, 0 g y ^ Lj, 0 g z ^ L,, 

V = LiLjLs (39 3) 

The condition for the waves is to take the same value at a pomt 
{i,y,z) and at points (x niLi), {ij -f- n^Ls), and (z -j- n»Li) 
where rii, rij, and n, aic any arbitrary integers 

^(x + niLi,y -t- njj,,z -h WjLj) = ^(x,y,z) (39 4) 

Since 

^ = ew<-sr.(M+6if+c.) mnsiij integer (39 5) 
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this requires that 


a = 




c = 7— mimjmj integer (39 6) 


A charactenstic frequency of the crystal will be excited when- 
ever the wave vector terminates on a point with components 
given by Eq (39 6) The number of such pomts per unit 
volume of the reciprocal lattice is LyLJji (since the pomts are 
spaced at mtervals 1/Li, I/L2, and 1/Lj along the i, y, and z 
axes, respectively) 

The number 31 of atoms contamed in the volume V is stu- 
pendous [Eq (39 2)], and Li, Lj, and Lt are very large, compared 
with the dimensions di, d«, and dj of the elementary lattice cell 
This means that the density of the vibration points given by 
Eq (39 6) IS extremely high E\ en if we take a very small 
volume element dr in the ahc space, we may obtam the average 
number of points mside dr by just taking 

dn = LiLiLs dr = V dr 


Let us, for mstance, consider a certam direction of propagation 
and a small cone of aperture dil around this average direction 
The number of a vectors that terminate inside this cone between 
the distances r and r -|- dr is 


Hence 


dn = L\LzLir^dT dQ = Vr^drdU 


(39 7) 
(39 8) 


where W is the phase velocity for one special type of w*ave 
According to the dehnitions given in Sec 21, the group velocity U 
IS defined by 


W = 


V 




(39 9) 


and we filially obtam 


dn = V dU 


v*dv 

WW 


(39 10) 


In a crystal lattice the difficulty is that phase and group velocities 
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depend upon both v and the orientation of the cone In an 
ideal isotropic body this last dependence disappears, and one 
may immediately integrate about all orientations, thus replacmg 
dn by 4ir 

dn = 4xF isotropic in all directions (39 11) 


There is, however, a general result that can be deduced directly 
from Eq (39 7) For each type of elastic wave, the total number 
of vibrations (ivith cyclic conditions) is exactly equal to the number 
91 of atoms in the volume V This ls easily seen, since the total 
number of vibrations of a certam tyjie is ohtamed by mtegratmg 
Eq (39 7) over the w hole first zone, the volume of which is Ft 


/ 


r^drdO. = Ft 


n = 




(39 12) 


according to Eq (39 1) This is a very important and general 
lesult of the zone theory 

How can thus general scheme be 
simplified to be applied to the prob- 
lem of an uleal isotropic solid body? 

The word “Ideal” ls necessary to 
remind us of the somewliat artificial 
character of the assumptions ac- 
tual so-called isotropic solids are only 
mixtures of tiny crystals oriented 
at random Our ideal isotropic 
solid w’lU represent a sort of average of crystal properties for the 
purpose of simplification Two assumptions will be made 

a We assume that the curv&s of Fig 36 1 aie replaced by 
straight lines, as shown in Fig 39 1 This means that the upper 
optical branches are supposed to correspond to single frequencies 
(instead of the actual frequency bands of finite width) and that 
for the acoustic branches we assume a constant phase velocity 



W = V = const (39 13) 


b We simplify the shape of the first zone and replace it by a 
sphere But here we must not forget the general results empha- 
sized at the beginning of this section, and we assume the same 
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spherical first zone for all waves (whether electromagnetic or 
longitudinal and transverse acoustical waves) Let the sphere 
have a radius R Then the volume is 



(39 14) 


where Vj is the volume of the cell in the direct lattice and 31 the 
number of atoms in a total volume V Accordingly, we main- 
tam the vahdity of Eq (39 12) as necessary 

In order to comply with the requirements of the general 
theory we see that we have to introduce the same R for all 
types of waves, hence the same limit foi the wave length 


R = |a| 






cutoff w ave length 
common to all waies 


(39 15) 


which means different cutoff frequencies for different w’aves 
We may speak now of longitudinal waves (j)hase velocity Wi) 
and transverse waves (phase velocity IT,), and we obtain the 
maximum frequencies 


Vie — 




(39 16) 


These assumptions are lery close to the ones introduced by 
Debye in his famous theory of specihc heats, but not quite the 
same At the time of Debye’s origmal paper, the theory of zones 
w'as not known, although some of the main results had. already 
been obtamed by Born Hence, Debye did not realize the 
necessity of takmg the same minimum wave length (and differ- 
ent cutoff frequencies) for the chfferent waves He found it 
easier to assume the same cutoff frequency and chfferent cutoff 
wave lengths and stated the condition 


vd is Debye’s single cutoff frequency His reasoning \Vas as 
follows Starting from Eq (39 1 1) and taking 

Wi = Ui = const 
Wt = Ui = const 
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he first computed the total number of vibrations in the fre- 
quency interval {v,v -I- dv) for all waves (one longitudinal and 
two transverse) and wrote 

- = (3918) 

Then he mtegrated from » = 0 to vd and assumed that the 
total number of vibrations was 391 Hence 



(39 19) 


which IS the same as Eq (39.17) The veak point m Debye’s 
argument is that this oversimplification does not satisfy the 






necessary condition (39 12) We must always have 31. longi- 
tudinal and 231 transverse vibrations With Debye’s assump- 
tion the distnbution between longitudinal and transverse modes 
is modified; only the total number is maintained by 391 

Figure 39 2 shows Debye’s distribution function, while Fig 
39 3 shows ours. In Fig 39 3 the two curves are to be added 
(the sum is given by the heavy curve) to obtain the actual distnbu- 
tion Figure 39 4 shows the curves that would be obtained for 
an anisotropic medium The sharp pomts on our curves are 
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due to the assumption of a spherical first zone A better approxi- 
mation yields a curve of the type shown m Fig 39 5 


40. The Energy of a Solid; the Chaxactenstic Temperatures 

We regard the solid as made up of 3Dl harmonic oscillators 
The energy of a harmonic oscillator vibrating with frecfuency v 
IS, according to Planck (quantum theory), 

= (40 1) 

where k is Boltzmann’s constant, h is Planck’s constant, and T 
IS the absolute temperature The constant y^hv did not appear 
m the original Planck treatment, but quantum mechanical 
considerations indicate that this, and not zero, is the correct 
energy at T = 0 Each longitudinal or transverse vibration of 
frequency v receives an amount of energy u„ and the total 
energy of the ideal solid at temperature T is 

Ut= X f (40 2) 

m •"IJi It 

The upper limit of integration is the cutoff frequency for the 
corresponding type of \i avc 

These frequencies can be used to define characteristic tempera- 
tures A first definition 0o is the one of Debye and is based 
upon his single frequency limit vj> 

kOo = hv„ or Od = (40 3) 


Our theory mil evidently yield two characteristic temperatures, 
since the cutoff frequencies arc diffeient for longitudinal and 
transverse waves [Eq (39 16)] 

^ _hn _ hWi ( 331 Y 

- T - F \^) 


If we denote the type of wave by the subscnpt m, the total 
energy at temperature T is, according to Eqs (39 11), (40 1), 
and (40 2), 


hvi _ hW i / 331 \ 
T “ ~k \4tP/ 


(40 4) 
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fR * 

We make the following change of vanables 


^ kf 


t hPfn 0m 

~ kf ~ Y 


and Eq (40 5) becomes 

y /-f- r J_ , 1] 

Zv WJ h> jo ^ He' - 1 ^ 2J 


I,<l It 


(40 6) 


This integration must l)e performed by approximate methods 
for most cases We define the Debye function 


b{x) 



(40 7) 


Now the coefficient of the integral m Eq 

4ir_r (kTl* 

U’m’ "h^ 


(40 6) IS given by 

(40 8) 


and, if wo multiply by {mV3, we can replace the integral by the 
Debye function Then 

4^V (KTyh^pJ 
lEm’ 3 Sll’m^ ~h^ fc’T’ 

- -3’' u'S " = T " (4^) - 

Thus we may write Isq (40 6) in the form 

and, if the two transverse w aves are alike, this becomes 

Ur = RT [d + 2D (40 9) 

The Debye treatment gives 

Ut = ^RTD (40 10) 
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In general, Eq (40 9) is more reliable than Eq (40 10) How- 
ever, the two characteristic temperatures 0/ and 0( are often 
both fairly close to 0^ and for very high or very low temperatures 
the two theories agree 

For very high temperatures, classical thermodynamics holds 
with equipartition of energy, as can be seen from Eq (40 1) 

». - s + 5 ') 

«ir(i = fcr (40 11) 

Each of the oscillators has an energy kT Both theories have 
been formulated m such a way as to yield the correct number 
331 for the total number of degrees of freedom, hence we obtain 
a total energy SSlfcT or 3/27’ in both cases This may also be 
seen from Eq (40 7), since for very high temperatures Debye’s 
function approaches one and both theories yield the result 

Vt = SftT (40 12) 

ivhich IS just the law of Dulong and Petit For temperatures 
so small that 


7’ < < 0„ 0„, 0, 

holds, 0m/r IS very laigc, and the upper limit m the integral of 
Eq (40 5) may be replaced by « Physically this means that 
only the low frequencies are excited and the number and value 
of the higher frequencies is unimportant The Debye function 
becomes 


i”. - .‘r. I‘ /» + 0 

The last integral ls a constant that is found equal to ir*/15 


Ut 


m 

= |ie(0, -h 20.) + 727’^' 


(£)■] 

[(l)‘-(0] 


(40 14) 
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The first term is a constant and will not enter into the applica- 
tions to specific heats, etc , since these involve derivatives of Ut 
Debye's solution for Ut la 

= (4015) 

where C is a constant, and so the two theones agree for low 
temperatures, on account of the relation 

which IS easily obtained from Eqs (40 3), (40 4), and f39 17) 


41. Thermal Expansion and Entropy of a Solid Body 


We close our treatment of solids with a discussion of the 
entropy To do this, we must take account of the radiation 
pressure due to elastic w aves The radiation pressure is due to 
deviations from Hooke’s law and has been computed by Rayleigh 
and L Bnlloum 


f'm/l _ V dWj\ 
V V3 ir„ ~dV ) 


(41 1) 


where f „ denotes the total energy of the waves of typem For 
electromagnetic radiation in \acuum, 


Pm 


1 f, 
3 r 


since in thus case theie is no term 

o V 

also be written in the form 

e. dV 


Equation (.41 1) may 
(41 2) 


smce from Eq (40 4) 
aioge„ 1 de,, d /. h 

-)V- - e; iV - Jv C'* i”-- 3 w) 


>r» dV 


3V 


Vde^ _i V dW^ 

e« ay 3 ly„ ay 


or 
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The external pressure must balance the internal pressure 
The latter is given by the sum of the pressure due to the inter- 
actions of the molecules of the crystal and the radiation pressure 

V = fiV) -h X P- (41 3) 

m 

If the external pressure is zero, then 

/(V) = - X P» 

m 

and we may think of the radiation pressure as doing work against 
the cohesive forces of the molecules during an expansion due to 
rise in temperature 

The total energy of the solid is 

U = F{V) -f Ui -t- r,. -h f/,, (41 4) 

where 

P(,V) - -//(K)rfF 
During a small expansion the « ork done is 

dW = vdV =idV - ^^-dV 

m 

= !dV-RT^[Di^^)l^^-dy] (415) 

m 

where Vm is assumed to be given by Eq (40 9) The change 
in energy is given by 


- 7V^'' + Ff''^ - + 2 Tk'"'' + 2 

m m 

= -fdV + R^ [^' (y) -\-DdT -^D' dT j 


Now the heat change will lie 

dQ = dU + dW 
and the change in entropy 

_ dQ _ dU + dW 


(41 6) 


(41 7) 
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Substituting Eqs (41 5) and (41 6) into Eq (41 7) gives 

dS = ? 2 [d JT- - C £ + C' («-dV - Pt)] 

m 

on replacing by dQ„ If we let X„ = e«/r 

dS - R X (d- - 




(41 8) 


Wc can WTite this as an explicit function of by using Eq 
(40 7) 

z)(v ) = f I- -X 

in Eq (41 8), which then becomes 

^r(- ^ r"' -I- ® m\ 

dX„ " V A'^'- Jo rf - 1 - 1 Jo ei - \) 

= . _i2g r- .m 

c^- - 1 .YJ jo cf - 1 

It is interesting to note that Eq (41 9) agrees with the quan- 
tum mechaiiual result for the entropy of our system of harmonu 
oscillators The (piantum theory offers a possibility for a direct 
statistical computation of entropy A distribution of n quanta 
hv (total energy nhv) among g lesonatois is found to have an 
entropy 

The most probable distnbution corresponds to Planck’s formula 
for the average energy per resonator 


hv 


t = fcT 


g eJ - 1 


1 + - = 

g e' - 1 


Hence 
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On the other hand, we have obtained an expression (39 1 1) for the 
number of resonators of frequency v{dv) Using this value for g, 

g = V wave type m (41 12) 


and mtegratmg on v from 0 to the limit v*, we obtain the total 
entropy of the sohd 


S = 'Z (41J3) 



The method followed for entropy is exactly the same as the one 
used for energy, m Eqs (40 2) to (40 9) Some regrouping of 
terms and elementary transformations finally yields 




3R P-r 

A'.’ jo Lf* - 1 


- log (f( - 1) 




(41 14) 


We may integrate by parts to eliminate the logarithmic term 



so that 


(e‘ - l){Vt = - log (c^- - 1) 



{>df 


S = 


^ -It log (e^- - 1) + 



(41 15) 


Differentiation with respect to yields 


dS 

dX„ 


Re^~ _ 127f p- 4/?r^-^ 

- 1 XJ Jo cf - 1 c'-‘- 1 

3fie*- 12« P" 

- 1 jo c« - 1 


(41 10) 


This 18 easily seen to check, with Eq (41 9) by the following 
transformation . 
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The (+1) term m the second bracket yields, after integration, 


12K 

4|o 


= -ZR 


which cancels the (+1) term in the first bracket and yields 
Eq (41 9) 

Thus the whole theory is proved to be entirely consistent 
Debye’s theory with its single characteristic tempierature does not 
work, smce it is not consistent ivith Eq (41 2) for internal 
pressure 

Further details on the theory of solids and the direct compu- 
tation of Eq (41 1) for the radiation pressure can be found in 
the author’s book, “Les Tenseurs en m^canique et en <Slasticit6 ”* 
This sliort summary of the problem ivas intended to emphasize 
the connection of this problem inth the theory of zones, as 
evplamed m Secs 39 and 40, and to show the nece.ssity of a 
correction to the original Debye theory ini olnng the use of two 
charactenstic temjieratures, as pointed out by Bom m his dis- 
cussion of the theory of solids 
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CHAPTER VIII 

MATHIEU’S EQUATION AND RELATED PROBLEMS 


42. Mathieu’s Equation 

The problem of the propagation of waves in a periodic con- 
tinuous medium was discussed in Sec 34, and there some general 
results were obtained on the type of the .solution and its proper- 
ties Few examples of such problems ha\e Ix'en completely 
discu.ssed Some of the licst known relate to the one-dimensional 
problem The general eiiuation given in Eq (34 1) reduces to 

- 5 -f- = 0 I ^^2 1) 

^ = c-'u{j-) j 

Mathieu’s equation is obtained when the pei iodic function F (of 
period d in x) contains only one cosine teim and tlie evjiansion 
(34 3) can lie w ritten 

Fix) = Co + + C,c-=-<-^''' = Co + 2C, (OS (42 2) 

So far we have discussed equations of this tvpe m detail only 
for very .small Ci (corresponding to a veiy small pci tin bat ion) 
when we assumed from Eqs (3.5 1) and (35 3) 

F = Co + (f e \ery small 

Now we wi.sh to disc ass the solutions for any arbitrary value of 
both Co and Ci We may use the following notation to leduce 
the equation to standard type We introduce a new varialilo 


i = - 

' d 

which has period ir instead of d, and we obtain 

+ (i? + 7 cos 2()u = 0 
fi* 

17 = «* - j Co = 4y^d^Co y = %vWCi 


(42 3) 


(42 4) 
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This equation was first obtained by Mathieu in connection with 
the problem of vibrations of an elliptic membrane, and this is the 
reason for the choice of ir as the period The same equation is 
found for the oscillations of an elliptic lake, for the tides m an 
elliptic sea, and, in general, in all problems concerning waves or 
vibrations with an elliptic boundary, such as propagation of 
acoustic or electromagnetic waves along a pipie of elliptic cross 
section We shall indicate in a later section some other mterest- 
mg problems of physics and engineering where Mathieu’s equa- 
tion plays a major role ' 

Floiiuet discovered that the general solution of the equation 
could be written 

u = D,A -I- D^A ( - Oe-'-f (42 5) 

with an amplitude .4({) that is a periodic function of £ with 
|M!nod T Tlas solution is thus a superposition of two waves 
propagated (or attenuated) m opposite directions This is 
clearly seen if wc retain the c*"' factor and wnte the ongmal 
function of Eq (42 1 ) Di and D2 aie arbitrary constants If 
we keep only one of these waves, we obtain 

u = i4(£)c''‘f A(£) has peiiod ir (42 6 ) 

This coiiesponds exactly to our general solution (34 4) 

In our preMous discussion wc assumed that we had to deal 
with actual wares, and we tlieicfore took 

fc kx- 

u = 10 = I /i£ = id£ = I ^ = i27roa; 

IT a 

and determined afteiwaids the corresponding u value and the 
frequency Heie the dtscussion is conducted m the opposite 
way The frequency has been eho&en as primary data, and the 
problem is to obtain u, which may be 

u = 10 pure imagmary, unattenuated sme waves 

fi = a -\- 10 complex or real, attenuated motion 

Both 7 j and y are proportional to w- [from Eq (42 4)|, and hence 
increasing frequency means mcreasing tj and 7 Their ratio is 
constant The diagram in Fig 42 1 summarizes the results 

1 Different authors writinR on Mathieu functions use widely different 
notations this text, ij, y, Mathieu, R, ±2A’, Strutt, X, 2h*, Strutt and 
van der Pol, 4ii)*, 4a*, Whittaker and Humbert, a, 16^ 
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The coordinates are and y The plain white regions correspond 
to (17,7) values for which p is complex or real and attenuation 
occurs The shaded regions are those for which n is pure imagi- 
nary and yields unattenuated waves In the language of the 
engmeers, blank regions mean absorption or stoppmg bands and 
shaded regions mean passing bands 

The two lines >7 = 7 and 17 = — 7 are drawn as guides All the 
passing bands become straight hnes parallel to 17 = —7 at 



-24 -16 -8 0 8 16 24 32 40 


— 7 

Fio 42 1 

infinity These Imes intersect a line parallel to the 77 axis at the 
pomt given by 

V = -y + i2n+ \) (42 8) 

if the line is drawn sufficiently far above the 77 axis Evidently, 
then, they also become parallel to one another at infinity 

There is no propagation for any value of 77 < —7 We can 
make the following statements about the character of the waves ■ 

1 77 < — 7, n complex or real, absorption 

fi real or complex, broad 
absorption bands 
n pure imaginary, narrow 
transmission bands 
n real or complex, narrow 
absorption bands 
n pure imaginary, broad trans- 
miBBion bands 


2 -y < V < y 


3 77 > 7 
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The boundary between blank and shaded regions is the curve 

R.P. M = 0 (R P means “real part of ”) (42 10) 

The ij axis corresponds to y = 0 and hence to a continuous uni- 
form medium with no periodic structure whatever The entire 
positive part of the ij axis lies inside the shaded region, smee our 
defimtions in Eq (42 4) mean, in case of propagation, 

= Tv’ ^ 

A small perturbation is obtained when y << v, i e , m the 

immediate neighborhood of the ij’axis The boundary curves 

(42 10) leave the ij axis at the points 

IJ = n’ n = mteger (42 12) 

and have contacts of order (ra — 1 ) at these points 

n = 1 , two curves crossing each other 

n = 2 , two curves ivith a common vertical tangent 

Ti = 3, a common v-ertu al tangent and the same curvature, etc 

These curves were very carefully computed by Mathieu himself 

and checked by later computations 

43. Mathieu Functions : General Discussion 

The general solution, according to Floquet, was WTitten m 
Eq (42 5), and m this discussion emphasis can be laid either upon 
the imaginary exponentials [free waves as m Eq (42 6 )] or upon 
the renl combinations that correspond to standing waves This 
latter type of solution is the one mostly used by mathematicians 
who have computed the numerical solutions of Mathieu 's equa- 
tion They start from the solution obtained along the tj axis 
(7 = 0 , no periodic perturbation), which they v\nte 

cos mf, sin mf, jio = im = t \/^ (43.1) 

In this case, -4(f) is a constant, and the correspondence with 
Eq (42 5) IS contained in the well-known relations 

cos mf = + e”'"*') Di = Dj = 

sm mf = ^ (e'”* — e“'"*) X>i = ^ 

For 7 ^ 0, Mathieu functions have been defined' 

Cem(7,t) and <Se„(7,f) 


(43 2) 
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They are known as expansions in pow'ers of 7 , starting with either 
cos m£ or sin mf as the independent term Each of these 
functions corresponds to the same value of m, hence to the same n 

n = tm = f(v,y), 7 — > 0, wi -> (43 3) 

Lmes of given n (or m) run through the shaded areas of Fig 42 1 , 
as schematically shown in Fig 43 1 On each line, two functions 
Ce„ and Se-m may be computed, except on the boundaries of the 
shaded area On these boundaries only one of the two functions 



Fio 43 1 


IS obtained, as shown in Fig 43 1 'I'lie boundaries correspond 
to integral values for m according to l‘>qs (42 12) and (43 1) 
and start from the point rj = = 1, 4, 9, 16, on the 17 

axis Two m curves start from each of these points one curve 
yields the function iSe„, and the other curve corresponds to Ccm 
On each curve there is an additional aperiodic solution 

From these diagrams we can see how to obtain information 
about waves propagating through a periodic medium The 
medium is defined by two constant coefficients Co and Ci, and 
Eq (4)2 4) yields 17 and 7 each proportional to v^, with a fixed 
ratio 
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1 = ^<L 

y 2Ci 


(43 4) 


This means a straight line running from the ongm as shown m Fig 
43 1 The line cuts the successive curves corresponding to differ- 
ent m values The shaded area of Fig 42 1 gives passmg bands, 
and the blank areas give stopping bands The correspondence 
with our former notation results from Eqs (42 6) and (43 3) 



(43 5) 


Hence -\-mT plays the same role as our former k The type of 
the resulting {v,m) cuive ls shown m Fig 43 2 Here, agam. 



-4» -3ir -2ir -ir 0 ir 2)r 3i 4ir 

"first zone* 

Fia 43 2 


instead of choosing k (or m) \ allies that insure continuity wath 
the unperluibi'd unifoini medium (■>- = 0), we may select each 
tune the smallest \k\ and reduce all curves inside the first zone 
-ir^k^-w The iin portent point is that increased perturba- 
tion (inci cased Ci) does not modify (he position of the discon- 
tinuities but oiilj'^ iticicascs the magnitude of the discontinuities 
The general theory of Mathieu’s equation is very thoroughly 
discussed in Whittaker and Watson’s “Modem Analysis,”* 
which contains some important results concerning the mfinite 
determinants that we obtamed m Sec 34 m the preceding chap- 
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ter Whittaker considers Hill’s equation, which is a generahza- 
tion of Mathieu’s and which he writes as 

^ + J(x)u = 0 (43 6) 


where 7 is a periodic function (period x) of x This is -our general 
equation of Chap VII, reduced to one dimension The cor- 
respondence of notations is as follows 


Brilloum d 


2xa 

Whittaker and 

1 


Watson 

T 

ifi 


(43 7) 

J \ 


and Eq (43 6) reduces to our former Eq (42 1) 

The discussion of Secs 34 and 35 centered on the determinant 
given m Eqs (34 14) and (34 15) 


A — lAm p| — 


\ 5n 


(a — mi)* p* ””1 


(43 8) 


which accordmg to Eq (43 7) corresponds to the determmant 
with the elements 


[ (iM -"izm)* 

Whittaker and Watson assume that the 0„ senes is absolutely 
convergent and compute another determinant 

Ai(i/i) = l-Bmpl \ 

B„„ = I } 

These elements can be represented by the general formula 

p 0m— p H" 5)np(2Tn im)* s« (2711 

” ~ - 00 + {2m- luV ~ " iT'Co - {2m - ii*)» 

(43 11) 


which gives the correspondence with our former notation The 
determinant Ai of Whittaker and Watson is shown to be equal to 
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where the constant K can be obtained by computing Ai(0). 

Bin r 


Ai(im) = I — K 


sin 2 (tl* + V^) Bin ^ (ii* - V^o) 


Ai(0) = 1 + 2K cot ^ \/%, 




2 cot ^ y/Ta 


Hence 

Ai(in) = 1 — [Ai(0) — 1] 


sm 




Bin ^ (iM + V^) sin ^ (lAi - -i/^o) 

(43 13) 

This enables one to wnte the fundamental equation stating that 
the determinant is zero 


sin^ {ifj. + \/^)sin^(ia - v^) = lAi(O) - IJsin®^ \/% (43 14) 
or 


- cos’ ^ + cos’ V 00^ = lAi(O) - 1] sm* ^ y/Ta 

Hence 



Ai(0) sin’ I 


(43 15) 


which IS Whittaker’s result, except that he mtroduces another 
determinant A(ia) that is equal to Ai(0) for n = 0 

These relations are very interesting since they apply to Hill’s 
geneial equation and not only to the Mathieu problem An 
attempt to find an extension of these results for the three- 
dimensional problem of Sec 34 would, if successful, be very 
important. 

From our former notation, accordmg to Eq (43 7), Whittaker’s 
equation (43 15) becomes 
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and yields the general relation between wave number a and fre- 
quency V for a one-dimensional lattice of pienod d = t m x The 
fact that V appears as a penodac function of penod 1/d = l/irin 
a 18 obvious, as are the discontmuities m the i'(a) relation when 
Ai(0) > 1 The similarity of this equation with those obtamed 
m Chap III is also very stnkmg 


44. Hill’s Equation with a Rectangular Curve 

As already stated, Hill’s equation is obtamed when the cosine 
y term m Mathieu’s equation is 


7«-rFm 



replaced by an arbitrary periodic 
function of x Let us write it as 


+ h + 7/U)lu = 0 (44 1) 

Strutt has shown that some gen- 
eral results about this equation 
can be obtamed Assuming the integi al of / over a period to l>o 
zero so as to make 


7 = 0 


and callmg/w and — the ma.\imum and minimum values of /, 
respectively, it is possible to show that the iry plane is again 


— 1 1 — 1 

1 1 — [ 1 — 

1 9 

1. 

U d-J H 


! |f 




J _J_J 

1 1 1 
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divided mto three regions (Fig 44 1) by the lines 

= —lin, v = yf„ (44 2) 

In the first region n is complex In region II, /i is generally com- 
plex with some narrow bands where it becomes pure imaginary 
In region III, a is generally imaginary with some narrow bands 
where it is complex 



Sbr 44] 


MATIIIEU’S EQUATION 


181 


This may be shown in an example where the computations 
can be carried out explicitly I^et us assume a Ime built as shown 
in Fig 44 2, with alternate portions of lengths h and U with 
values fi and /j This is obviously a special case of Eq (44 1) 
with the function / represented by a rectangular curve 

— li < x <0 1 ? + 7/1 = 111 = — xi^ 

0 < X < U II + yft = Vi = —Xi^ 

In the first interval we obtain a solution 

— li<x<0 u = Ae^'^ + 

while in the next interval, the solution is 

0 < I < u = 

Furthermore, the entire solution must fit the form given by 
Floquet’s theoiern [Eq (42 5)] Choosing one of Floquet's 
exponentials, as m Eq (42 0), we write 

u = A {x)e‘‘^ (44 6) 

w here A (r) has period d This means, for instance, 

u(i) = e'“‘u{x — d) (44 7) 

Using this relation, we write the solution in the second h interval 

h < X < h + h = d u(x) = (44 8) 

The problem is to find the 4, B, C, and D coeflficients that satisfy 
these relatioiii and the continuiti condition at the junctions 

(0,(2), wheie u and must join .smoothly This yields four 
ax 

relations. 

1 = 0. u: A B = C D 

Axi - Bxi = Cxa - Dx2 

OX 

X = h: u: 

+ 5e*^+*‘'> = Ce*’*' + Z)e“*''‘ 
du 
dx' 

= Cx2e*’'= - DxsC"’"'' 



(44 3) 

(44 4) 
(44 5) 
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This set of four linear homogeneous equations m A, B, —C, and 
— Z) can be solved only if its determinant is zero 


1 

1 

1 

1 


Xi 

-X1 

Xz 

— Xi 

= 0 




g-Xjll 


— X 

XzC*’'’ 

- XzC-*’'’ 

1 


(44 10) 


It is a matter of elementary computations to expand this deter- 
mmant and to obtain the equation 




- 27 


cosh xi^i cosh Xih + 


1 /xi 

2 Vx2 


+ 


Xi 

Xi 


^ sinh xih sinh xi^a j 
+ 1=0 (44 11) 


where 7 = e>^ This second-order equation has two solutions 
(7 i, 72) whose product is unity 

7i = 7, = 7,7. = 1 


and w'hose sum is twice the bracket m Eq (44 11) 

7, + 7j = «'“' + = 2 cosh tui = 2[ ] \ 

cosh fid = cosh xi^ cosh XiU I 

1 / \ ( 12) 

+ s ( — + — ) «>nh xi^i smh Xih ) 

2 \X2 Xi/ / 

To check this equation, let us take xt = Xz, a continuous line 
Then fid = xi^i + Xih is the obvious solution 

We shall discuss a whole class of problems of this tvpc in 
Chap X and develop a more djrect and lery pow'erful method 
for solvmg them Equation (44 12) will appear as a special case 
of a more general equation Accordmg to whether x, and xz 
are real or imaginary, some of the hyperbolic sines and cosmes 
may become ordinary sines and cosines Foi instance, van dei 
Pol and Strutt consider the problem of equal sections. Let us 
take 

^ d = w 

in order to obtam the same penod t as occurs m Mathieu's 
equation, 


»?i = n + 7 


Vi = V — y 



Sec 44] 


MATHIEU’S EQUATION 


183 


Case 1 • 

1? > 7 > 0 


Ci^ = s "-Xi = s — = 


both t;i and jjj positive 


H ifi = t%ra 


xdi = ^ 2 = t X2 


Equation (44 12) becomes 


cos TJl = cos Xi cos Xi 


Case 2 


2 \X 2 ^ xj 


sin sin zj 


T T / 

2 Xi = 2 V -’ll = ixi 

T »■/-- 

2 X2 = 2 V - ’ll = Xj 


cos tm' = cos Zi cosh Z3 


_ 1 /£i _ £3^ 

2 \J3 Zi/ 


(44 13) 


1? < 7, 7 > 0 71 > 0, 72 < 0 > (44 14) 


sm Zi smh za (44 15) 


The problem is to follow the \ariation of expressions (44 12) or 
(44 14) and (44 15) in the 777 plane and to distmguish between 
the regions gi\ ing n real or complex Three cases are obtained 


A cosh nd ^ I n = Ho real 

B — 1 S cosh ad S 1 a = real 

C — 1 ^ cosh ad a = Mo + nr 


(44 lb) 


Case Bgi \cs wa\es propagating through the whole line without 
atU'iiuation, which means passing bands, and is represented in 
F ig 44 3 by shaded regions Both cases A and C yield waves 
atUmuated exponentially either to the right or to the left 
factor in Eq (44 (>)] and differ only m the relative phavses of 
oscillations in successive (/i,fi) sections This means stopping 
bands and blank regions in Fig 44 3 

The w hole map in Fig 44 3 is ver5'- similar to that m Fig 42 1 
for Mathieu functions, except for some intei sections of boundary 
curves The boundancs are obtained for fc = 0 or m = 
They are denoted by CoCiCj and S 0 S 1 S 2 , these symbols corre- 
sponding to the Ce and Se Mathieu functions, respectively 
The discussion given by van der Pol and Strutt covers all cases 
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Cs 

Sj 


-16 -12 -8 -4 0 4 8 12 16 20 24 287 

Flo 44 3, 

of (ij, 7 ) variations Kronig and Penney limited their discussion 
to the case of { — iji) very large and positive, with l\ ver>’ small, 
while 18 positive and U ^ d The exact conditions assumed 
are 




w here c is a constant Then Kcj (44 1 2) yields 

cosh ud = cosh x\U t'os 01/2 -t- - „ sinh xi?i ah 

2axi 


According to these conditions 
cosh xih 

Xi^ — , , 

- sinh xifi 

2 axi 

and we obtain 


1 

/. 

2a 


(x.= - ^ 

oclf 


cosh fid = cos ad + 


sin ad 
aa 


(44 17) 


(44 18) 


The variation of this expression i.s represented m Fig 44 4 where 
the hraits ± 1 corresponding to cases A, B, and C of Eq (44 16) 
are clearly seen 

A general formula giving the relation between v and a w’as 
obtamed in Sec 43 by using a result proved by Whittaker under 
the assumption that the coefficients = w*C„ of the Founer 
expansion for the function J constituted an absolutely convergent 
senes ' This is not true of the step function used in this section 
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Fro 44 4 


The function can be expanded m a Fourier senes, but the con- 
vergence of the Hories of coefficient* is not secured 
Equation (43 lb) is 

hin^ xa/l — Ai(0) sin^ (43 16) 

V 0 

where Ai(0) did not dcfiend upon a or r, and d was supposed 
equal to t, w hilc 

average 



In the present section ^se obtained Eq (44 14) 


cos 2x0(1 = cos Xi cos ~ ^ I'i) 


<t)d xvd <j>d xvd fj . 

2V, = r.’ ^-’ = 2V. = 


This equation can be written 


cos 2xad — cos (xi -f- x.-) -|- (• - sin Xi sm Xj 

but 

, _ (^1^ 3:2)= ^ (Ts - Fi)^ , , 

^ ^x.x, “ 2 x.X2 2FiF. 

We may replace cos 2^ by (1 — 2 sin^ ip) and obtain 


sin’ rod = sin’ 


[a+;=)'2i 


+ T7 TS 
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For very small 


which does not reduce to the general type (43 16) 
perturbations, however, we may take 


V, 


To 



Hence 


sm® rad = (1 + <* 


(V, - v,r 

■iVrV, 


e’ + 


) ("^) (44 21) 


dropping higher powcih of t This equation, rather than the 
general one, is of the Whittaker type 

This example shows the limitations of the general equations 
of Sec 43, which should not be used when tlie seiies of the Fourier 
coefficients 6„ (or C„) does not converge absolutely 


46. The Seli-excited Oscillator 


A circuit containing only an inductance and a capacity will 
oscillate with frequency l/y/LC, where L is the inductance and 
C the capacity The equation of the circuit is 


, d^Q 

dP 



= 0 


(45 1) 


If we vary the capacity periodically, the equation may lie written 
m the form of Mathieu’s equation 

^ = A B cos tiJii (45 2) 

where A and B are constants and u>i the frec|upncy with which 
w e vary the capacity Equation (45 1) becomes 

^ ^ "lOQ = 0 (45 3) 

If we set 

Q = u and J 

then Eq (45 3) is 

^ + (i? + r cos 2{)u = 0 (45 4) 


where 


4A 


4fl 
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Equation (45 4) is Mathieu’s equation and has solutions of the 
type (42 5) 

u = DiA (i)c'‘f + DiAi- Oe-'-f (45 6) 

where the exponent ^ is pure imaginary in the shaded regions of 
Fig 42 1 and real oi complex in the blank regions This means 

Shaded regions n = stable oscillations of constant 
average amplitude 

Blank regions ^ leal or complex, unstable oscilla- 
tions, one term increasing to infin- 
ity, the other term decreasing to 
zero 

Thus the map in Fig 42 1 completely describes the situation 
If the \’aiiutioTi of capacity were stepwise instead of sinu>oidal, 
wc should use the map in Fig 44 3 

An example of an electnc circuit with variation of the capacity 
18 sliown in Fig 45 1 This device was proposed in the last 



centuTV as a self-excited high-frequency oscillator A self- 
exciled oscillatoi can also ])e built with a periodic vaiiation of 
llie self-incluitance -'Ucli .is a standard alternator with stator and 
lotor windings conneclcsl in seiic's, and a fixed capacitv Self- 
c'xcitation means unstable conditions, which vield oscillations of 
incic‘a.siiig ainjilitucle the amplitude would start fioin zero and 
continue to me lease, finally reaching a constant value when 
some of the nonlinear terms omitted in the eciuation become 
siifhcicntly important, such teinis might be spaiks in the con- 
denser or finite power of the engine turning the condenser 

In the electric cianiplcs, L and C aie always positive, which 
means 

7j > 7 > 0 (45 8) 

1 e , case 1 in Sec 44 [Eq (44 14)], which corresponds to region III 
in Figs 42 1, 411, and 44 4, where stabihty is the rule and 
instability the exception Looking at Fig 42 1, we notice that 
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the mam region of mstabifity (or self-excitation) is the V-shaped 
region near = 1, which means, according to Eqs (45 2) and 
(45 5), 


^ = 4^!??! « 1 

A ^ 1 9 

A — ^ y — 7Vr“’ 

L 0 0 


(45 9) 


< 1)0 IS the frequency of the circuit (L,Ca) and should be nearly 
equal to 3^ the frequency of excitation <i)i 

This result was found by an elementary discussion, relating to 
the case of small excitation (B < < .4) liefore the complete 
theory was developed The situation is easier to explain if the 


S 

1 1 e 
C 

condenser is supposed to be plane (Fig 45 2) vith a \arying 
distance e between the plates 









h<. 45 2 


1 47r 

c ~ Y*" 


(45 10) 


If the electric surface density on the condeiisei plates is a = Q S, 
then the force acting fiei unit area is 2irCT^ and tlie total foice of 
attraction between the plates is 

/ = ,S2x<r= = = 2^'^, (loll) 


The variation of capacity is obtained by \aiyiiig the distance 


c = Co 4- 6 cos ui( 
1 1 , 4x6 

c Co s 


(45 12) 


For small perturbation, small b, the oscillations in the circuit 
will have a frequency very close to the jiroper fieqiieiicy c^o, and 
hence will vary wuth twice this frequency. 

Q — A cos {(Dot -|- <p) 

Q* = A^ cos’ (<i)of + v) = }^A^[l -f- cos 2(cDof -|- <p)] 


(45 13 ) 
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The ^v ork done p<‘r oscillation by the engine operating the system 

IH 

W = ^ f de == ~ 2C ^^ ^ 

— lioj ]i4 ^ ^ 

= ^ 2(c<)o^ + (fl) sin (ltd dl (45 14) 


This IS zero unless on = 2ajo and may be positive or negative 
according to the phase ip When the work done is positive, 
oscillations in the circuit increase in amplitude (instability and 
self-c\citation) This is a crude explanation of the physical 



meaning of condition (.15 9) The pluMcal explanation for 
cxiilation iicai the poinlN 

77 = 1. 9, , n - 

coi responding to 

/ ■' , = = n\ 2a,„ = >10,1 (45 15) 

IS not so elementaiy and must be found in the harmonic loiitent 
of oscillations in the circuit with \amng capacitv 

Mechanical oscillators can also be taken as examples, and 
some models are shown in Fig 45 3 Heie the mass M (replac- 
ing /.) Ls always positiie, but the .4 and B coefficients in the 
rcstoiing force [replacing l/C, Eq (45 2)] may become negative, 
as foi a ie\ ersed pendulum 01 for a spring pushing the mass awaj' 
instead of pulling it tow ard its equilibrium position This means 
that the whole map of Fig 42 1 or 44 3 can be used Region II 
IS lery inteiesting an unstable pcnduluni can be made stable 
by a jx*! iodic fierturbatioii of appropriate frequency Some 
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other examples follow, the movement of a direct or revoraed 
pendulum whose support ls moved up and down ^\ ith a frequency 
wi, oscillations along a strmg whose tension is varied periodically 
More detailed explanations and equations may be found in the 
paper by van der Pol and Strutt already quoted 

46. Free Electrons m Metals 

Accordmg to wave mechanics, the motion of electrons in a 
potential field {i,y,z) is obtained from the solution of the Schroe- 
dinger wave equation 

V^+k\E-PH = (), (4f. 1) 

where h is Planck’s constant In a crystal lattuc the potential 
P results from the positive charge of the ions loiatod at the 
lattice points and from the equal negatii e charge of the electron 
cloud distributed among the ions All this yields a jairiodic P 
function with the same period.s di, ds, and dj sls the crystal 
lattice itself, and hence Eq (4() 1) rcaluces to a type similar to the 
one studied in See 34, where we had 

VV + //(r)i^ = 0 (34 1) 

H = = (34 2) 

while here the correspondence is 

. H = k-[E - P(r)] (l(.2) 

E IS the energy of the electrons and P(i) the periodic potential 
- The whole theory of Sec 34 applies directly to the problem of 
free electrons and yields the u.sual rules about zone structure 
As a matter of fact, the zone htructure ls completc'ljf uuh pendent 
of the special physical meaning of the waves considered, and it 
must be the same for elastic, electromagnetic, and Schroidinger 
electronic waves Some authors did not pay enough attcmtion to 
this very general result and based their definitions of the zone.s on 
different criteria for different waves, thus obtaining discrepancies 
that are not consistent with the mathematical nature of the 
problem As we emphasized in Secs 26 and 31, another error 
to be avoided is an oversimphfication of the problem, such as an 
assumption 


P(r) = P,(z) + P,{y) + P,iz) 


(46 3) 
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This 18 an academic problem of no actual interest whatever, smce 
no crystal lattice is known that would give a field of the type 
(46 3), even as a hrst rough approximation Such a structure 
would mean a disappearance of most Bragg spots in X rays 
except for the few reflections from planes parallel to coordinate 
planes, a circumstance never realized m any known crystal 
Actual physical problems yield periodic potentials P with their 
complete set of A coefficients in the triple Fourier expansion, 
which means a complete set of lattice planes w'lth indices wii, 
m 2 , and mj 



The jirobleni of a small perturbation foi usual waves was 
discu^-cd in ^ec 35 undci the assumption 

F = 4-, = = Cooo + */, H = + *01 Y 

In the electronic problem we may assume the average potential 
inside the civ.stal to be zero, smce this merely means a special 
(hone of the zero energy le\cl, and we state 


P = (ip 

H = k-i^E - tp) 


(.46 4) 


Writing Planck's relation 

E = hv (46 5) 

we define a frequency for the electron waves The difference 
between the two problems results from a compaiison of the 
equations 

^\aves ,^-2 = w^Cooo — hk^v electron waves (46 6) 
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The V-shaped curves obtained for unperturbed elastic waves with 

^ = 2irlal (46 7) 

V 0 

now result in parabolic curves for unperturbed electron ivaves 
with 

hk'^v = 4ir2|ap (40 8) 

and curves relating to a small peiturbation differ from this 
parabola only in discontinuities on the boundaries of the zones, 
as shown in Fig 46 1 

The whole problem, however, is more complicated than the 
simple scheme developed here, since the periodic potential P is 
not known a prion This potential, as we said before, lesults 
from the distribution of both ions and electrons The av^eiage 
electron density can be computed once the ^ functions of Eq 
(46 1) have been obtained The potential P is deduced fiom the 
electron density, and it must check uith the P function upon 
which the vhole computation was initially based Tins is a 
typical problem of the self-consistent held, as Ilaitiee calls it, 
and the solution of Eq (46 1) represents only one step in a more 
complicated problem 

Selected References 

Mathieu, P “Cours de Math6matiquc physique,” p 122,1873 
Humbert, J “Foiictions de Lam6 ct Matiueu,” (i Villars, Pans, 1926 
Whittaker and Watson “Modern Analysis,” p 404, Cambridge, 1920 
Strutt, M J O Ann P/ii/srt, 84, 485 (1927) , 86, 129 (1928) , 86, 319 (1928) 
VAN DER Pol, B , and M J O Strutt Phil Mag , 6, 18 (1928) 

Brillouin, L “Quantenstatistik,” p 271, Springer, Berlin, 1931 
Khonig, R de L , and W G Penney Proc Roy Soc (London), 130, 499 
(1931) 

Stratton, J A "Electromagnetic Theory,” pp 52-200, McGraw-Hill, 
Kew York, 1941 

Brillouin, L Electrical Communications, April, 1938 
Strutt, M J O Math Ann , 101, 559 (1929) 

Morse, P M Phys Rev , 36, 1310 (1930) 



CHAPTEll IX 

MATRICES AND THE PROPAGATION OF WAVES 
ALONG AN ELECTRIC LINE 

47 General Remarks 

In the histoneal summary given m the first chapters, it was 
explained hoii the theory of wave propagation first started with 
the discussion of waves along a discontinuous stnng Then 
followed the theory of waves in a continuous medium, and we 
emphasized the importance of some of Lord Kelvin’s remarks on 
waves in a discontinuous structure and the evistence of a cutoff 
frequency Up to Kelvin’s time only one type of wave had been 
discussed, viz , elastic ivaves Later electromagnetic waves and, 
still later, electron waves in wave mechanics were discovered, 
and the properties first obtained for elastic n aves were immedi- 
ately translated for these new waves For instance, Lagrange's 
theory of how to pass from the discontinuous string to the limit 
of a continuous string was used by Pupin m his discussion of 
loaded telephonic cables The deep discussion of Kelvin, related 
m Sec 2, led him to imagine a new model for an optical medium 
A similar mechanical model was built by Vincent and proved 
to have the propcities of a mechanical band-pass filter This 
model lias translated into an electrical circuit by Campbell 
and i\as the point of departuie for his invention of electric filters, 
of which he gave a number of important applications 

Hence, for scientists of the last century, it w^as common knowl- 
edge that the special nature of the w aves did not matter and that 
the same general properties could be found for any type of 
w aves The general relations among the various types of waves 
seem to have been forgotten for some time Physicists devel- 
oped the theory of electromagnetic weaves for optics and X rays 
Then theoreticians discussed very carefully the properties of 
electron waves (ivave mechanics) in crystals and too often did 
not pay attention to the fact that a great part of the work had 
already been done in the theory of X-ray propagation m crystals. 

193 
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On the other hand, electrical engineers did a wonderful analysis 
on the theory of propagation of waves along lines, cables, filters, 
etc , but omitted to notice that many important facts had already 
been discovered by theoretical physicists (see Secs 13 and 14) 
More recently, practical acoustics was revived, mostly by 
electrical engineers, who were especially well trained m electnc- 
circuit theory and found it easier to translate mechanical prob- 
lems mto the equivalent electric circuits before discussion 
These scientists at last rediscovered the similarity of all prob- 
lems of vibration and wave propagation, but they did just the 
opposite of what their ancestors had done Pupin and Campbell 
started from mechanical models to discuss electric Imes and 
filters. A modern engineer, wLshmg to discuss wave propagation 
along a tram of raihvay cars, translates the problem mto an 
electrical one (an impulse propagating along a filter) and then 
translates the answer back into mechanical terms 

This explains why we want to include a general discussion of 
wave propagation along electric lines and filters in this book 
Many modern theoretical physicists have hardly heard of these 
problems and do not realize the very great advance in the theory 
by this engineer’s art Engineers, on the other hand, have a 
tendency to imagine that any wave problem can be reduced to a 
problem m electric lines, and this is not entirely true We have 
already discussed in Chap V the importance and the limitations 
of the concept of chaTOctenstic or surge impedance This concept 
IS fundamental for one-dimensional structures such as mechanical 
or electric lines and filters Its generalization for three dimen- 
sions IS not so easy, and we noted that the definition of energy 
flow, exemplified by the Poyntmg vector for electromagnetic 
waves or similar definitions in wave mechanics, is better adapted 
to the three- or four-dimensional problems 

Recent developments m wave mechanics point to the impor- 
tance of matrix calculus and its very close connection with a 
number of problems of wave propagation It is very interesting 
to note that electrical engineers have independently come to the 
same conclusion Matrix theory is now commonly used in the 
discussion of problems of waves in electric filters Furthermore, 
these problems seem to represent the only classical example 
where some special matrices, of great importance for the theory 
of electron spin, appear for practical purposes, and we shall try 
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in the next chapter to show the connection between the theory 
of electric filters and the Pauh-Dirac wave theory of the spinning 
electron 

The discussion in this chapter will be on the propagation of 
waves along electric lines Let us, once for all, give the correla- 
tion between the electnc quantities and the mechanicaLquanti- 
ties arising in similar mechanical problems This can be done m 
different ways, but the moat direct translation is obtamed by the 
use of the following glossary 


Electrical 
f’lectrio charge 
Electric current 

Electric current, time derivative 

Rclf-inductance 

Mutual inductance 


Magnetic energy 
Electric energy 
Capacity C 
Voltage 


Mechanical 

Diaplacement or coordmate 

Velocity 

Acceleration 

Mass 

No direct equivalent, it appears, 
however, m problems with con- 
straints, where generalized La- 
grange coordinates are used 
Kinetic energy 
Potential energy 
Elastic coefficient = 1/C 
Tension 


We shall discuss m this chapter the propagation of electric 
disturbances along electric lines This can be translated into a 
problem of mechanical disturbances propagating along a penodic 
mechanical line structuie Electnc lines aie schematically repre- 
sented in Fig 51 1 01 55 1, for instance The same general 
scheme may be ]ust as ■well interpreted in mechanical terms A 
square box with four terminals is supposed to represent a certain 
electric circuit Let us imagine the box to contain a given 
mechanical device We have ti\o terminals on the left for input 
current and voltage and the two others on the right for output 
current and voltage when we think of the box as containing an 
electric circuit With a mechanical structure, we have only one 
connection on each side (a rod or a string going from one box 
to the next one), but we need two quantities to specify the con- 
nection the velonty of the string motion (analogous to electric 
current) and the elastic tension along the string (analogous to the 
voltage) Hence the correlation is complete, and the glossary 
will help in translating from one problem to the other 

As noted earlier, there are, however, some cases where 
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difficulties are encountered electrical mutual inductances 
between circuit elements have no direct counterpart in mechan- 
ical problems However, a general expression for the kmetic 
energy was mtroduced long ago in analytical mechanics and has 
the same form as Eq (48 2) of the next section Such expressions 
are obtained m mechanical problems with constraints when 
generalized Lagrange coordinates must be used instead of the 
usual position coordmates of the mass points 

Other limitations refei to the range of possible values for some 
quantities We have already pointed out in Secs 11 and 12 the 
fact that capacities are ahvays positive m electiical theoiy, while 
elastic coefficients may be either positive oi negative in mechan- 
ics Thus, if the general scheme and theory are common to all 
problems of wave propagation, there are restricting conditions 
or practical limitations for each separate class of pioblems, which 
should always be kept in mind 

The first sections of this chapter are devoted to essential 
definitions and to the systematic introduction of the matrix 
notation, visualizing elementary matiix computations by their 
equivalent circuit connections Then we shall go on to a discus- 
sion of the role of chai actenstic impedance of the line and tlie 
propagation of waves Finally, in the next chapter we shall 
let the elements of the line become infinitesimal and thus w ill be 
enabled to draw some analogies between the piopagation of the 
waves and the quantum mechanical pioblcm of election spin 

The electric lines that we shall discuss are to consist of identical 
circuits connected together Each ciicuit is an electric ciicuit, 
w’hich may be as complicated as desired with the following 
restrictions First, all circuit elements must be linear, i c , 
we allow resistances, self-inductances, mutual inductances, and 
capacities Rectifiers, coils contaming non, and other non- 
Imear elements are excluded Negativ e resistances are allowed 
if care is exercised in their use They will appear in the mathe- 
matical equations, and, if they are to be used in an experiment, 
one must be sure that the linear portion of the characteristic 
curve 18 used The second restriction is that no sources of 
current are to appear in the circuit All electromotive forces 
will appear as external parts 

We shall represent the circuits composing the line as rectangles 
with pan's of terminals, as shown in Fig 47.1. At present, we 
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shall place no restnction on the number of terminals The 
electromotive forces are to be applied to these termmals, which 
we number Each electromotive force Et will then give nse to a 
current i*., both of the same frequency For the present we shall 
choose-the signs of Ek and i* so that the product R P Ekik* is 
the poiver furnished to the circuit We shall assume that the 
circuit is a simple circuit, i e , that it does not contain two or 
more circuits completely separate from one another Fuither, 
we shall assume that the number of terminals is reduced to a 
minimum For instance, if two or more pairs of terminals are 



in senes, they may be leplaced by a single pair of termmals with 
an applied elcctromotu e force equal to the sum of the separate 
electromotive forces 

48. Expressions for Energy 

We shall assume that the minimum number of pairs of ter- 
mmals IS n The kih pair of terminals w ill have an electromotive 
force Ek The meaning of Eu = 0 is just that the kih pair of 
terminals is short-ciicuited Each electromotive force Ek will 
furnish charge qk to the pair of terminals across w'hich it is con- 
nected The Qk will form a complete set of independent variables 
for the system if there are n branches to the circuit If there 
are more than n, then it is necessary to introduce more terminals 
with an applied electromotive force of zero at these additional 
terminals We shall assume that this has been done 

There will be two types of energy present m the general circuit 
electrostatic due to capacities, magnetic due to self-inductances 
and mutual inductances, and, m addition, dissipation of energy 
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due to resistances If we let Qa be the charge on condenser a, 
then the electrostatic energy is given by 


E, = 


1 V 

2Z/ 


(48 1) 


where Ca is the capacity of condenser a Similarly, if Oa is the 
current in inductance a, the magnetic energy is 

E^ = \Yi + S = 2 2 

a a a$ 

where 

La = Maa = self-inductancc of inductance a 
Maff = Al^a = mutual inductance of inductances a and /3 

when a 9^ 


Finally, if Q„ is the current flovMng through resistance a, the 
dissipated energy pei unit time is 

4> = ^ liaQJ (48 3) 


where Ra is the resistance of resistance a 

Now all of our circuit elements aie to be linear and it follows 
that we may express the Qa as a linear sum of the defined m the 
hrst paragraph of this section, t c , 



[48 4) 


where the Uak are constant coefficients We may substitute 
Eq (48 4) into Eqs (48 1), (48 2), and (48 3) to obtain hrst 


where 


Next 


a k j kj 

Ck; = 2 

a 

2 ^aiQl — 2 'f^jkQjQk 


(48 7) 
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where 


m,k. = ^ M,.0a„,a0k = nik, 

(48 8) 

Finally, 

• 


where 

0 = Ra (lakQk = '^ik^jQk 

a j k }k 

(48 9) 


Tjic Ra^aj^ak 'f'k] (48 10) 

a 

The coefficients c*,, wOj, and r*.; may be computed m terms of the 
circuit elements , they ^\ ill be homogeneous in the C„, Ma$, and R^, 
respectively Furthermore, they are all symmetrical in k and j 
The general circuit equations may be written 

^ {mk.q, + rk,q, + c*,^,) (48 11) 

t 

where Eh is the elcctiomotne force acioss the terminals k The 
work furnished to the ciicuit in time dt is 


dW 


i»ii,q, + ik.q, + Ch,q,)qkdt 


X 

tk 

dE, 


("U,qk dq, + Vk.q.qh dt + Ck,q, dqk) 
t -\- dE, T dt 


This means that we have not omitted any energy from considera- 
tion 

We shall assume that all the apphed electromotive forces 
have the same frequency oj Then 

Ik = qk = hr’^', Ek = TV'"‘ (j = (48 12) 

and I'lq (48 11) may be written 


Vk = 


I 


fib,/. 


(48 13) 
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where 

fki = WlkiJW “ f'* 

from Eqs (48 6), (48 8), and (48 10) 

49 Definition of a Four-terminal and Equations for Its Circuit 

A four-terminal is a special case of the circuits we have dis- 
cussed in the previous sections It is a ciicuit for which 

= 0 k 9^1,2 (49 1) 

For a four- terminal, Eq (48 13) becomes 

S fj. 

» 

X 

where n is the number of branches We may solve llic equations 
(49 2) since the numbei of equations is eijual to the number of 
independent vaiiables /, 

I\ ~ XiiEi -b xuEj \ 

= XiiEi + X 21 E 2 I (49 3) 

Ik = XiiEi -b xt2F2 A: = 3, 4, , 71 j 

It can be shown that xi> = X.* follows from f*, = f,* 4'he hist 
two relations are the only ones of interest Solving them for 
V 1 and V 2 gives 



El — 2ii/i -b Ziil i I 
E2 = Z21I1 + Ziili j 


Z 21 — Zij (49 4) 


where the are constants of the circuit 

So far we have taken the F, and to have signs so that the 
product E.g, is the power furnished by the electromotive foice 
A different convention wall be more useful in the discussion of 
electric lines smce we shall regard the line as composed of a row 
of four-terminals each with a current flowing in one direction 
along one set of connections and in the opposite direction along 
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the other set This is shown in Fig 49 1 If we consider four- 
terminal n, we have a potential difference at the left end and 
E 2 at the right end The current /'i at the left end flows into 
the four-terminal, and I ' 2 flows out of the right end Then /'• 
and /' 2 _bear the following relation to 7i and 1 2 

= r2=-l2 (49 5) 

Then Eq (49 4) becomes on dropping the prime from /'i and I ' 2 


Vi = Znli — 212/2 
V2 — 212/1 — 222/2 


(49 6) 


There is one further change in the equations to be made for 
convenience in discussing line problems In general, we are 



n-l n n+ 1 


I io 49 1 


interested in comparing conditions at one end of the four- 
teiminal with conditions at the other end, lather than currents 
with electromotive foices This means that we should express 
Ti and /i in terms of F 2 and I> Reaiianging Eqs (49 6) gives 


F, = + bl, 

/ 1 = CF2 + 02/2 


w here 


Zn 

2 ,> 

0,1 — y 

Qi = 

Z 12 

2i2 

, 2ii222 — 2i2* 

1 

— 

c ~ — 

^12 

2i2 , 


on taking account of the fact that ri 2 = 221 
aie not independent, for it is obvious that 

a id 2 — 5c — 1 


(49 7) 


(49 8) 

The four constants 
(49 9) 


60 Matrix Notation for a Four-termmal 

We shall find it useful to regard the current and voltage at the 
exit of a four-terminal as two quantities that are transformed 
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by a matrix to give the current and voltage at the entrance 
The matrix will, of course, be the matrix of the coefficients in 
Eq (49 7) From this point of view, it is convenient to change 
our notation as follows 


Electromotive force at entiance 
Electromotive force at exit 
Current at entrance 
Current at exit 



Then Eq (49 7) may be v ritten 


(50 1) 


where 


Xi = aiix'i -t- ai2j:'2 | 

X 2 = a.2ix'i -|- a22x' 1 I 

(50 2) 

dll = fl], di2 = 5 1 

(50 3) 


(I 21 — Cj 


( 12 I — 02 


Then we may call the matrix (a„) the matnx of the four-terminal 
It depends only on the constants of the four-terminal cinuit and 
IS thus characteristic of the four-terminal 

It follows immediately from Eqs (49 9) and (49 3) that the 
determmant of the matrix (a,,) is unity 


|Oii Uij 

U 21 U 22 


0-11^22 — o-liQzi — (XiUi — he — 1 (50 4) 


Equation (50 2) may be sohed foi I'l and jr '2 in terms of Ti 
and 1 2 


where 


x'l = hiiXi + huT. 

x ' 2 ” h2iXi -|- hi^Xi 


1 U22 _ 

, _ ^21 

021 — ~ |“i —<l2\, 

a 


5i2 — ~ 


Q ] 2 


- ai2 


622 — 


flu 


ttii 


(50 5) 


(50 ()) 


It is evident that the determinant of the matrix (b„) is unity 
The matrix (5,,) is the inverse of the matnx (a„), and we may 
wnte Eqs (50 2) and (50 5) symbolically as follows 




where 4^ and B stand for the matrices (o„) and (6.,), respectively 
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Thus we see that there are two matrices, one the inverse of the 
other, that are of significance for a given four-terminal One of 
these. A, would be used if we thought of a wave propagating 
through the four-terminal from right to left, and the other 
would.be used for a wave propagatmg from left to right 

It should be noted that the elements of the matrices A and B 
are not all pure members, some have dimensions 

flu, 0.22, bn, bn pure numbers 

012, impedance 

021, ^21 admittance (reciprocal of impedance) 

61 Combmation of Two Four-termmals ; Mulhphcation of 

Matrices 

In this and the following two sections, we shall illustrate 
various rules from the theory of matrices by means of four- 
terminals First, we consider the effect of connecting two four- 
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terminals in cascade, as m Fig 51 1 These two four-termmals 
together constitute a composite four-terminal We wnsh to find 
the matrix of the resultant four-terminal in terms of the matrices 
of the two component four-terminals 

If the matrix {h„) of the previous section is denoted by (c,,) 
for the left-hand four-terminal and by (d.,) for the right-hand 
four-terminal, then 


= X ^'2^' I = X (S 

1 j ^ k ' 


(51 1 ) 


where the double-primed letters represent conditions at the exit 
(right end) of the right-hand four-terminal, the single-pruned 
letters conditions between the two four-termmals, and the 
unprimed lettens conditions at the entrance of the left-hand 
four-terminal 
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Now 

fvk = X or F = D C (51 2) 

are the elements of a matrix (/,t) that is the product of the 
matrices (d,j) and (c,j) The order in which the matrices appear 
makes a difference in the product except in certain cases We 
shall have occasion to note some of these cases in later sections 
In general, however, 

X c„d,k = C D 7^ D C = X 
1 1 

In the previous section we noted that A and B were inverse 
matrices It is readily verified by direct calculation that 

A B = B ^ = 6 (51 4) 

& is called the unit matrix since it is evident that 

A & = 5 A = A (51 5) 

for any arbitrary matrix A Moreovei, it is also easily shown 
that the determinant of the product P of any two matnces R 
and S IS the product of the determinants of R and S 

|P| = IP S\ = \R\ |B| (51 6) 

62. Inverse and Reversed Four-terminals and Transformations 

If two four-terminals, connected in cascade, produce no change 
in the electromotive forc,e or in the current, then ive say that one 
four-terminal is the inverse of the othei , i e , if A is the matrix 
of the first and B the matrix of the second, 

A B = i = B A (52 1) 

In this case, evidently, the order of the four- terminals with 
respect to the direction of propagation is immaterial 

Now makmg use of the fact that A and B each have deter- 
minant one and Eq (50 6), we see that 

Oil = 622 ai2 = — 5 i 2 

O21 = — 621 022 = 5 ii 

Evidently to construct the four-termmal inverse to that with 
matrix 4 will require self and mutual inductances, capacities. 


(52 2) 
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and resistances that are the negatives of those occurring m four- 
terminal A This 18 not always impossible, but often quite 
difficult to achieve experimentally 

By a reversed four-terminal, we mean one in which the sense of 
the current is changed and the entrance and exit are mterchanged 
This IS, it should be noted, not the same as changing the direction 
of propagation of waves The latter mvolves only interchangmg 
the entrance and exit 

We shall denote the transformation of a four-termmal by B 
and the corresponding one for the reversed four-termmal by R 
Then the direct four-terminal gives 

x' 1 = bllXl bl2X2 

x'i = bull -I- b 2 lX 2 

Interchanging the entrance and exit requires us to use the matrix 
(a,,) inverse to (b,,) 

x'l = OiiXi -f- aijZj 
j ^2 ~ U21X1 "h ^^22X2 


and changing the sign of the currents (xz and x' 2 ) yields 

X I = flllXl ““ ^12X2 

X 2 ~ — ^21X1 “1“ 0^2X2 


Therefore, the matrLx R = (r,,) is given by 

( In ri2\ _ / Oil — fli’A _ 1^22 bi2\ 

r2i rj2/ \ <i2i O 22 / \b2i bjiJ 

on making use of jal = 1 and Eq (50 6) Eiidently, 

k.,1 = |a.,| = I6„j = 1 


(52 3) 

(52 4) 


The elements of the matiix of the reversed four-terminal are 
equal to elements of the matrix of the direct four-terminal, so the 
constiuction of the reverse of a given four-terminal will not 
involve negative resistances except as they occur in the direct 
four-termmal 

We call a four-termmal reversible if it is identical nith its 
reverse, i e , a four-termmal is reversible if 

R = B (52 5) 

which yields 

611 = 622 (52 6) 
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Since the determinant of B is unity, 

bll = 1)22 = ‘\/l + bi2b2l 

so that the matrix of a reversible four-terminal is 


/ -|- 612621 

V621 


612 

■\/l + 6126 21- 


(52 7) 

(62 8) 


63 . Four-terminal Matrices and the Group C2 

The remarks that we have made in the previous sections arc 
sufficient to show that the matrices arising in the theory of four- 
termmals form a group of two-rowed complex matrices of 
determinant one The conditions that must be fulfilled in 
order for a set of matrices to form a group of the above type are 

1 The matrices must be two-rowed complex matrices with 
determinant one (see Sec 50) 

2 Each matrix must possess an inverse matrix that is an cle- 
ment of the group Evidently each four-terminal must have an 
inverse, since the number of equations involved is equal to the 
number of independent vanables, and hence the matrix is non- 
singular and possesses an inverse (see Sec 50) 

3 Two matnees multiplied together must give a matrix 
in the group (see Sec 51) 

4 There is a unit matrix, i e , 5 (see Sec 51) 

The group composed of matnees of four-terminals is at least 
a subgroup of the group Ci The group C 2 is well knowm to 
mathematicians and is an integral part of the theory of elec tron 
spm and relativistic quantum mechanics We shall find these 
matrices appeanng in a similar fashion in the next chaptci on 
the propagation of waves along lines composed of infinitesimal 
circuits 

Matnees have been introduced in the preceding sections in 
connection with the electncal problem of four-terminals It is 
important to compare these definitions with the standard 
geometrical definitions given by mathematicians In a plane, two 
coordinates zj and Z 2 define a vector P, while z'l and yield 
P'. The fundamental linear relations (50 7) show that the' 
matrix A transforms any arbitrary P' vector into another P, 
while the inverse matrix B brings the transformed P back to P'. 

This gfeometrical representation is perfectly adequate when 
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the x’b are real numbers In our electrical example, we always 
deal with complex numbers, and Fig 53 1 must be considered 
only as a geometrical visuahzation of the matrix properties 
Multiplication of matrices was explained m Sec 51 as repre- 
sentmg-the connection of two four- ter mmals in cascade Look- 
ing at Eqs (51 1) and (51 2), we notice that they represent two 
successive transformations of the vector P first from P to P' 
by matrix C and then from P' to P" by matrix D 

The reversed four-terminal defined in Sec 52 is t 3 T)ical of the 
electrical problem Its geometrical counterpart was never con- 
sidered in the theory of matrices It can, however, be stated 
this way We take Pi to be the reflection in the Xi axis of P', 



and P'l the reflection in the xi axis of P. The R matrix (52 3) 
represents the tiansformation from Pi to P',. A reversible 
four-terminal is represented by a matrix built in such a way that 
R IS identical with B where R transforms Pi into P'l 

The next step in the geometrical description of matrices is to 
look for the axes of the matnx, m hich are defined by the condition 
that P and P' lie in the same direction 


P' = {P 

x'l = Jxi = 6i,xi -1- 612X2 
X 2 “ fX2 = 621X1 -|- 622X2 


(53.1) 


These two linear equations can be solved only if their deter- 
minant 18 zero 


611 — f 612 I 
621 622 ~ t 


(53 2) 
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This IS known as the equation for the proper values of the matrix, 
and it yields two f coefficients, one corresponding to each of the 
axes of the matrix The onentations of the axes are obtained 
when the f values of Eq (53 2) are used in Eq (53 1). Their 
slopes are given by the condition 



5>i 

bii + hi^S 


buS^ + (bn - bn)S - bn 


= 0 


(53 3) 
(53 4) 


We shall soon discover the physical meaning of these quantities 
and find that they coriespond to very important dehnitions in the 
theoiy of electric four-terminals 


SLOPE $2 

PROPER VALUE 
^2 


0 

I'lO 53 2 

Once the axes of the matrix and the proper values have been 
determined, the matrix transformation acquires a simple geo- 
metrical meaning A vector P is decomposed into its com- 
ponents Yi and F 2 along the axes Then each component is 
multiplied by the corresponding proper value, yielding 

F'l = fiFi, f ^2 = £ 2 ! 2 (53 5) 

which represent the components of the transformed vector P', 
as shown in Fig 53 2 

This was just explained for the matnx (fc„), of which (a„)iH 
the inveise matrix Matrix (a.,) has the same axes as (b,,), but 
its proper values are and {z~‘, and the (a,,) transformation 
carries P' into P. 
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The relation between (^ 1 ,^ 2 ) and (,xi,x-i) is easily obtained 
Let US state 


Si = tan 61, S2 = tan 62 

Then 

Xi = cos di + Y 2 cos 02 1 
X 2 = y'^i sm 01 + Yi sm 02 j 

Mhich we can also wnte 


xi = yi + yi, 

1 , 1 

II = y 2/1 + y- 2/5. 

Oi 02 


yi = Ti sm 01 
2/2 = y’^2 sin 02 


^ (53 6) 


(53 7) 


We shall use these last fonnulas for a comparison with the four- 
terminal problem 

The geometrical representation gives a veiy simple explanation 
of the following theoiem, which says that in'o matrices C and D 
whose axes coincide arc commutative, m the sense of Eq (51 3) 

C D = D C (53 8) 

This lesults diiectlv from the fact that after the decomposition 
along the common Ti and 1 j a\<‘s the transformation reduces to 
usual multiplication 

y *1 = v< i/. y 1 = fiifcl 1 


and the same is tine for 1. 


64. Surge, Iterative, or Characteristic Impedance of a Four- 
terminal 

In Chap \" we dLscussed the characteristic impedance of a one- 
dimensional mechanical lattice in some detail The charactei- 
istic imjx'dance of the lattice was taken equal to the mechanical 
impedance olTeied by a .single cell with its jiarticles vibratmg 
as if a single wave weie propagating through an mhnite lattice 
We shall dehne the impedance of an electiical line composed of 
four-terminals m a similai fashion 

We take the impedance connected at the exit of a foiii -terminal 
to be z' ; i e , 


I'l = e'x '2 


z' = output impedance (54 1) 
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Substitution of this relation in Eq (50 2) yields 

= ifliyz' + = (biiz' — bii)x'2 1 

X2 — ( 0 , 212 ' 022)x'2 = (~b2iz' + bii)x'2 I 


upon making use of Eqs (50 4) and (50 6) Now a four-terminal 
with its exit shunted by an impedance z' has an impedance z 
at the entrance given by 

z = — = — input impedance (54 3) 

X 2 —b2iz -j- 0|i 


A similar calculation may be made for the reversed four- 
terminal We take f and f' foi the input and output impedances, 
respectively (Fig 54 1) 


bni^' bi2 
— ^>22 


(54 4) 


from Eq (52 3) for the matrix of a rev ersed four-terminal 



DIRECT 

I Id 54 1 


CEVERSED 


The four-terminal will have two iterative, surge, or chaiactci- 
istic impedances, obtained by the (ondilion that 

z = z' 01 f = f' (54 5) 

These two conditions are equivalent Tlie two loots of 

b2iz" -t- (f >22 — bu)z — bi2 = 0 (54 (i) 

are z and — f Equation (54 (i) ls obtained from Eq (54 3) 
The analogous equation obtained from Eq (54 4) has loots — z 
and f 

Comparing Eq (54 3) with Eq (53 3), we note the relation 


The characteristic impedance is the inverse of the slopie of the 
axis of the matrix (Fig 53 2) Equation (54 (i) is thus similar 
to Eq (53'4) The choice of z and — f as characteristic impied- 
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ances would yield two positive numbers in our geometrical 
representation instead of a positive and a negative one It is 
just a matter of conventions and is connected with the definition 
of the reversed four-terminal 

The two impiedances z and f are called the surge or character- 
istic impedances in the direct and in the reverse senses, ‘respec- 
tively They are often denoted by fci and ki A reversible 
Jour-terminal is characterized by bn = bii and hence 

ki = kt, z = f (54 7) 

The axes in Fig 53 2 are symmetrical with respect to the 
and JCi coordinate axes in this case 

(Jne of the characterLstic impedances corresponds to the 
situation obtained in a row of identical four-termmals when a 
piiic wave IS propagatmg from left to right along the row The 
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other characteristic imjiedance corresponds to a wave propagat- 
ing from right to left This will be explained in Sec 55 


65 Propagation along a Lme of Four -terminals 

We start by assuming an infinite number of four-termmals 
connected in cascade, as in Fig 55 1 I>ater we shall see how to 
terminate the line w'lthout disturbing the propagation of waves 
along it 

A single wave that propagates along this infinite line is char- 
acteiized by the fact that the electromotive force and current are 
muUijilied by the same complex factor { as the wave passes from 
four-terminal n to foui-terminal (n -f- 1) 


n-t-l t-Tx n 

I'l I.+ I = f-T? n 


(55 1) 


Equation (55 1) together with Eq (50 5) gives us two linear 
homogeneous ecjuations in ii „ and j"j,„ 

S-Tl.n = biiXjn + blsJsn 

{rj,» = bilXl.n + bj2Js n 


(55 2) 
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which can be solved only if the determinant of the coefficients 
vanishes 

'bn - f bn I = + 1 = 0 (55 3) 

P21 O22 ■" Cl 

where we make use of the fact that the deteiminant |5,j| = 1 
Thus the complex factor { is determined by the constants of the 
four-terminal ciicuit 

The equation (55 3) is well known m the theory of matrices 
The solutions for f aie the proper values of the miitiix (b,,), or 
the diagonal elements if the matrix is reduced to diagonal foim, 
as explained in Eq (53 2 ) The two solutions aie 

= } 2 (l>u -|- b2z) + + b<i)- — 1 (55 4) 

Let us take 


^ = ft = 

Then, since fiji = 1 from Imj (55 4), we may write 


«i = = ('-‘- 

= c-> = 


"t ^‘ = T = 1 {bn + bi:) (55 5) 


If O' = 0, then l^il = If^l = 1 and 


{2 = 0 "* (o5()) 

In this case one obtains propagation of waves without attenua- 
tion, and the two solutions guen in Eq (55 (’>) coi respond to 
propagation in opposite direction-' f, gucs piojiagation to the 
right and ^2 to the left 

If a 5 ^ 0, attenuation is piesent a is tlie attenuation con- 
stant and ^ the change m phase per four-terminal When 
a > 0 , and ^2 give propagation to the light and left, lespec- 
tively, as before 

Let us compute the ratio of electromotive force to curient at 
the entrance to four-terminal n From Eq (55 2 ), we obtain 

X\n _ 612 _ f — 522 

3:2 n \ -bn til 

which IS a constant complex numtier that we may call z Theie 
are two values of z, Zi and Zi, corresponding to and {2 A 
simple calculation shows that these two solutions are the two 
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characteristic impedances corresponding to the directions of 
propagation associated with and {2 Thus m the notation 
of the last paragraph of the previous section 

= ki, Zi = = — f 

We may ask hov\ to terminate the line at four-terminal n in 
such a way as to avoid reflection of waves coming from the left. 
This IS done by using an output impedance fci on the nght side 
of four-terminal n In the same w ay we termmate a line on the 
left side and prevent reflection for waves coming from the nght 
by using an impedance k 2 on the left of the last four-terminal 
An arbitrary wave propagating along a Ime of four-terminals 
may be split up into a sum of two simple waves traveling m 
opposite directions Eiidently, fiom Eq (55 1), the matnx of 
each four-toi iiiinal is diagonal foi the simple waves This 
jiroceduie of splitting the \ibration up mto two waves is anal- 
ogous to taking the principal a\oa for a transformation m matrix 
theoiy Thus we may take the current to be 1/1 for propagation 
to the right and 1/2 for piopagation to the left Then the total 
del tioinotixe force will be guen by the sum of the electromotive 
foiccs zii/i and zjj/j for the two ( 111 rents, and the total current 
will lie the sum of i/i and y> We add a subscript n to the 
j/’s to indicate the four-terminal under consideration Then 
if we take a = 0 for the first foui -terminal, 

r 1 0 = 2]i/i 0 z>y2 0, ^"2 0 = J/i 0 + ^2 0 (55 8 ) 


These eipiations aie identual with those for the reduction of the 
matiiv to Its axis, gnen in Eq (53 7) Equation (55 8) holds 
foi an\ ;i since we assume a stable condition in the line Equa- 
tion (55 8) may also be w ritten in the form 


j/i 0 = 
t/2 0 


Jl 0 — ZjJ2 0 

Zi Zi 

“ -T 1 0 ~l ~ ^l-Tj 0 
Zl — 22 


(55 9) 


These equations w ill be of use shortly 

Now to obtain the cuirent and electromotive force at four- 
terminal n, we merely note that 


yin — 


yi.n = fl-l/io, 


(55 10) 
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where 


= f— »Y = 

_ ^ny ^ ^nla4-l0) 


(55.11) 


We have taken q positive when the propaRation to the nght is 
represented by fi In this case f," becomes negligible for very 
large n w hile {2" is large 

If we have an arbitraiy impedance fo = — 2'io/-r2o placed 
at the beginning of the line, the impedance at the nth four- 
terminal w'lU be, for very large n, 


Xi „ _ _ Zjf2'^0 _ 

2'2 n il'Vi 0 


(55 12) 


since from Eqs (55 8) and (55 10) the c\act solution is 

2:1 „ = zii'yx 0 + Zii-Tyi I 
a:2n = fl"yi0 + 0 j 


(55 13) 


and is negligible for very large n This means that, except 
for the first few four-terminals, the impedance for \eiy huge n 
does not depend on the impedance at the end This impedance 
is one of the charactenstic impedances of the foui-lermiimls that 
make up the line, the othei one 2i is obtained liy rei^ersing the 
condition 

Substitution of Eq.s (55 9) and (55 1 1) into laj (55 13) yields 
the relations 


3-1 „ = ] ^ l(fe'‘Y -h zf ’‘y)xi « - 2 (-z(sinh ny)i. u] ) 

' + (55 14 ) 

2(2 n = ^ ^ [-2(sinh ny)x, 0 -h (zc"y 4- n] J 

where we have set 

zi = z, Z 2 = - £■ (55 15) 

Equation (55 14) is called the canonical form of the line equa- 
tions They contain only three constants the tw'o character- 
istic impedances of the four-terminal and the propagation 
constant y 


66. Apphcation of the Theory to a Reversible Four-temunal 

Equation (54 6) gives us the characteristic impedance of a 
four-termmal in terms of the constants of its circuit A 1 eversihle 
four-ternlinal is charactenzed by the condition bu = bn, hence, 
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for a reversible four-terminal we have 


( 561 ) 


This value is the geometnc mean of the impedances of the four- 
terminal with open circuit and with short circuit For the open 
circuit z' = 00 , and z = — (6ii/5ii), while for the short circuit 
z' = 0 and z = —(bn/bn) [Eq (54 3)] The impedances 


2/1 



and 



(56 2) 


are called the image impedances They are the geometric mean 
of the impedance z on open circuit and short circuit for the four- 
terminal and the leversed four-terminal, respectively They 



(a) 0>) 
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arc the same and equal to the chaiactenstic impedance m the 
case of a rtn ersihle four-terminal This coincidence disappears 
for otlier cases 

Equation (55 14) becomes for a reversible four-terminal 

(2 = f) 

J-1,™ = (( osh ny)xi o — (z smh ny}x. o 

Xi.n = ^ smh 117 ^ Xio + (cosh n7)j;,o 

Tlie image impedances (56 2) are not directly connected \nth the 
propel ties of the row of similar four-terminals This is better 
shown by proving that they represent the surge impedances of a 
row of symmetrical leversible four-terminals obtained by joimng 
a given four-terminal B to its reverse R Figure 56 1 shows a 
row' of alternate K and B four-terminals It can be considered 
either as a row of cells in the order {B,R) or as a row of cells in 
the order iR,B) 

Let us take the first case and write down the corresponding 
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matrix [Eq (51 2)], which is simply the product of R and B 
matrices in this order 
a {B,R) four-terminal 


Matrix : 


R B 


(riibji 
r2ibii 


"h riibji 


riihij r libit 
Tiibii -|- Tabu 


:) 


When the r,* coefficients from Eq (52 3) are substituted, 


R B 


^ (bnb.. 
\2b 1 ii 


22 + bub 21 

bii 


^hi2^22 


12^21^ 


(56 4) 


(56 5) 


Tlus represents a reveisible four-terminal since the two diagonal 
elements are equal [Eq (52 6)] It has only one surge impedance, 
which, according to Eq (56 1), is given by the square root of the 
ratio of the nondiagonal elements, and this is just Z/,, the hrst 
image impedance The second combination yields r,. Electri- 
cal engineers have frequently paid too much attention to these 
image impedances, which correspond to no essential property 
of the B matrix itself 


67. Passing Bands and Attenuation m a Lme of Four-tennmals 

Whether the waves propagating along a line of four-terminals 
are attenuated or not is deteimmed by a [Ist) (55 5)] If a = 0, 
then there is no attenuation and the waves will be passed by 
the line This condition yields 

= cos ^ j sin ^ (57 1) 

2 

If w'e set b = l^(5u + b 22 ), then Eq (55 4) becomes 

^1 = 5 + = b ± j Vl~b^ (57 2) 

2 

Comparison of Eqs (57 1) and (57 2) shows that 

cos 0 = h real, — 1 < t < 1 (57 3) 

This is the general condition for propagation of waves without 
attenuation It can be obtained also from (55 5) since a = 0 
leaves us wnth 

cosh 7 = cos 0 = b = }' 2 (bn + ba) 

If our four-terminal circuits contain no resistance, the f.t of 
Eq (48 14) and the xo and the z,* of Eqs (49 3) and (49 4) 

are all pure imaginary It follows that ai and 02 of Eq (49 8) 

are real and b and c of Eq (49 8) are pure imaginary Hence, the 
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with 


^Iti bll, ^22 
^*12 = 8'Ud 621 = 


(57 4) 


where bn;. 622, ^12, and Sn are all rdal Thus for this case the 
conditions that propagation without attenuation occur are 

bii> ^22 real 
— 2 ^ bji -|- 622 = 2 


(57 5) 


If resistances are present, the first of these conditions is replaced 
by Eq (57 3), which says that the sum of bu and shall be real, 
i e , that bii and be complex conjugates This is equiv'alent 
to saying that, in general, \\e may have propagation without 
attenuation if jbu b22| ^ 2 and either the circuit contains zero 
lesistance, or positive and negative resistances occur so that the 
net resistance is zero (bn = 

For a reversible four-terminal, the characteristic impedance is 
given by Eq (55 7) 


2 = 


{ — bj2 

■■ b,r ' 


i_ 

bn 


on using Eq (57 2) 
and hence 


2 (^'.1 - b22) ±JyJl - I (bn -I- (57 6) 

For a reversible four-tei minal bn — b22 = 0 

J V' l — 'itbn -b b2j)^ 


2 = ± 


b-i 


(57 7) 


If ICq (57 3) IS satisfied, both numerator and denominator of 
E(i (57 7) aie jniro iinagmaiy, which means that z is real Thus 
2 is I cal 111 a p.issing band and pure imaginaiy for other frequen- 
cies foi a icceisiblc four-terminal The statement cannot, of 
course, be extended to nonrevcrsible four- terminals 


68. Reflected Waves in a Line Terminated by an flnpedance (o 

Let us assume 2 and f are the chaiacteristic impedances of a 
line of foui-teiminals, and fo is the impedance at the left end, 
terminated by four-terminal 0 Then 

= (58 1) 

■ 12,0 

A w ave propagated to tlie left will be partly reflected. With the 
notation of Sec 55, 
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y\ 0 

p = coefficient of reflection = - — 

Pt.o 

_ — Xl 0 + Z22‘2,0 _ Zj + fo _ f ~ fo 
~ Xi,o — ZiXio — fo — Zi fo + 2 

since 22 = —f Evidently, if fo = f, there will be no reflection 
From this it follows that, to connect two lines of four-terminals 
without reflection, the charactenstic impedances of the two must 
be equal In all other cases there will be at least partial reflec- 
tion (for frequencies in the passing band of the line that receives 
waves) and total reflection foi waves in the stopping bands of the 
receivmg line The lack of reflection when the characteristic 
impedances are equal is very closely connected with the theorem 
explained at the end of Sec 53 [Eq (53 8)] Four- terminals 

having the same characteristic impedances are represented by 
matrices whose axes have the same slope and coincide Such 
matrices are commutative This corresponds to the possibility 
of reversing the order of the four-terminals without changing the 
properties of the line Now if the four-terminals C and D 
taken in either order, {C,D) or (D,C) give the same result, it 
certainly means that there is no reflection at their junction 
All these properties of four-ternunal lines and their character- 
istic impedances represent a systematic generalization of tlie 
simple problems discussed in the hrst chapters 

69. A Contmuous Lme Loaded with Two-terminals 

In this section i\e shall consider a line loaded uith two- 
terminals as an example of the power of the matrix method 


-i-Z iz 



1 z I ,4 i z 


Fig 59 1 

Such a line is shown in Fig 59 1 The line consists of impedances 
spaced a distance I from one another on each of the upper and 
lower wires of the line This is very similar to the line loaded 
with uniformly spaced equal self-inductances discussed in Sec 1 1 
Here, however, we do not specify the elements contributing to 
the impedance except to assume that there is no resistance, 
i e , z IB pure imagmary 
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(58 2) 


z = jz', 


z' real 


(59 1) 


Sec 59 ] 


MATRICES AND WAVES 


219 


The impedance z' of any arbitrary two-terminal can be shown 
to vary with the frequency according to the general law 


Z = 


((j2 — ui)(<<)* — wa*) 


Lu 


(59 2) 


where u = 2ir»' and ui < wi < a»j < oj* Equation. (59 2) 
IS valid as long as the two-terminal contains only a finite number 
of cucuit elements and no portions of a continuous line. A 
typical curve of 2 ' as a function of w is plotted in Fig 59 2 The 



points ui and toj ( 01 respond to points of antiresonance, and 
and (i>i correspond to points of resonance The number of such 
points can be increased at will by properly choosing the arrange- 
ment of the two-terminals, since this determines the number of 
branches in the (Z,u) curve An impedance law (59 2) can be 
obtained with a number of different circuits, some evamples of 
which are shown on Fig 59 3 In Fig 59 3a, Li is the self- 
inductance at very high frequencies, and the circuit LiCi has a 
proper frequency ui, while LjCj has a proper frequency us 

LiCiwi^ = 1 LsCjoij’ = 1 


Frequencies to; and uj lie between u>i and us and above ws. 
Another type of circuit is shown on Fig 59 3 where 

Lo — Li Li "b Li, LiCvu)!^ = 1, LiCiOSi^ = 1 

We shall find different types of passing and stopping bands m 
the continuous line loaded ivith two-terminals, some of them 
being characteristic of the two-terminal and some others of the 
loaded structure The frequencies wi, W 2 , ws, ut are char- 
acteristic of the two-terminals used for loadmg In the neigh- 
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borhood of &)2 and U4, 2' = 0 and the line works as if it were not 
loaded at all , hence we find passing bands In the neighborhood 
of tui and £1)3 we find 2' = “, hence stopping bands These 
bands are referred to as two-terminal bands In addition, the 
arrangement of the two-terminals may yield further bands, and 
these we refer to as structure bands These latter bands depend 
principally on the distance of separation of the two-terminals 


to 



(a) (6) 


Fit. 59 3 


Now let US apply the theory of matrices to this line to obtain 
further mformation on these bands There mil be two paits 
of the line to be considered the tw o-terminals themsch es and the 
lines joining them The matrix for the lines is obtained from 
Eq (55 14) or (56 3) In this case the tMo lalues of the chai- 
actenstic impedance f and z are to be set equal 

^ = z = k (59 3) 

and we assume zero resistance so that 7, the propagation (on- 
stant per unit length, is given by 


y = 


(59 4) 


Then the matrix is obtained from Eq (56 3), where we siilistitute 
I for n, assuming 7 to correspond to a unit length of the line 



cosh yl 
— T sinh yl 


— k sinh yt 
cosh yl 


(59 5) 


From inspection, we see that the matrix for the two-terminal 
itself IS 


(b'n b'u\ _ /l -2\ 

\b'i, b\^/ Vo 1 / 


(50 6) 
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Then the matnx for a complete section of the Ime is given by 

/fill fi.2\ ^ (b'n b'n\ /bn bn\ 

\fi 21 Bjs/ b'iij ybji i»22/ 

cosh yl + T sinh yl —z cosh yl — k sinh yl\ 

j * (59 7) 

— ^ Sinh yl cosh yl I 

To investigate the passing bands of our line loaded with two- 
tcrminaLs, lefer to E(j (57 5) According to this equation, 
the line ii ill pass frequencies w hencver 

ifiii + fi22| ^ 2 (59 8) 

The other conditions in Eq (57 5) are automatically satisfied 
he( aiisc of our assumption that z and y are pure imaginary 
r^ing E(is (59 7) and (59 8), we obtain the condition 

jcos fij = cosh ~ ~ 2"jt ^ 1 

The limits of the jia^sing hands are given by 

|cos B\ = cos fil — 2 ^ sin df = 1 (59 10) 

Theie are two cases to he considered, c onesponding to the tivo 
types of hands mentioned earhei 

1 Two-tvrnniial Bajids — Two-teiminal hands contain the 
lioint z' = 0, since for this case Eq (59 9) is always satisfied 
Tlieie will he a certain lange of Milues for 2 ' including the point 
2 ' = 0 for which Eq (59 9) is satisfied, and this range conipnses 
tlie tw'o-terminal passing hand 

2 Structure Bands — A structure passing band will have for 
one of its limits 

(3/ = IP = AV where /3 = 

since this giies 

sin $l = 0, cos pi = ±l (59 11) 

and condition (59 10) is satisfied The wadth of the band can 
be obtained in the following way If one limit of the band cor- 
responds to cos fii = ±1 (when fi| = Nir), the other limit is 
found for cos fi; = + 1 S'nd fij = (Af -h 1 )t Let us assume, 
for instance, \z'\ > > k, the second limit is obtained for 
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fil = Nr + t 


small 


cos {N + 1)t = — cos Nv = cos pl — sm fil 
= cos {Nt + ~ ^ + *) 

«s cos Nr — ^ cos Nr • c 
2k 


Hence 


4Jfc 


(59 12) 


This gives the vadth of narrow bands, assuming that z' is apjiroM- 
mately constant throughout this passing band, and |z'| > > k 
Let us apply this theory to two simple cases a line loaded with 
mductances, and a line loaded with capacitances 
a A hne loaded iinih inductances — In this case 


Z — 2joCO 


where La is the value of the inductances z' = 0 only for w = 0 
The corresponding two-terminal passing band is the well-known 
low-frequency band The structure passing bands are found 
for high frequencies One of the band limits is 


NtW 


(59 13) 


and the band w'ldth is given by 


■ik ^ Akl ^ 

Litoi LoNirW Nir Ijo 


(59 14) 


since, if L. and C, are the inductance and capacity per section I 
of the Ime, 


k = 



W = 




Vl.c. 


(59 15) 


Figure 59 4 shows the curve of u vs 


B = cos ‘ |cos fil — sin fill 

I 

b A line loaded with condensers — In this case we obtain 


1 Ak 

- -Q- ‘ = g' = (59 l(i) 

where Co is the capacity of the condensers and « the width of the 
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y-/3l=2»-jj 



-jr 0 IT 2ir 3ir 4ir 5ir 6n 



-» 0 w 2n 3w 5ir 



C C 

Fia 59 5 


structure bands 
z' = 0 only for u 
again appear at 


The two-terminal band disappears since 
00 The uppei limits of tlie structure bands 


_ NwW 
~ I 


(59 17) 


Figure 59 5 shows the frequency as a function of B 
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60. A Continuous Line Loaded with Four-terminals 

In this section we shall treat a problem similar to that of the 
last section except that we replace the tw o-terminals with four- 
terminals Then the matrix {b'„) for the four-termmals has the 
general form given in Eq (55 14) The matrix (5„) for the line 



B 

Fig 60 1 


connectmg the four-terminals is given by Eq (59 5) Multiply- 
ing these matnces as we did in the last section, we obtain for 
one section of the hne (see Fig 60 1) 



bi2 

il2 


'/j 

^ / fc-i" + ze-i' - 2 zf sinh y'X 
\- 2 s 1 nh 7 ' zcr'-t-fc-V /z-ff 

:) 


^cosh yl —k sinh yt^ 
— ^ sinh yl cosh yl \ 


(60 2 ) 


::) 

_ /b'li b'i\ /bn ftjjX 
\b^ 2 i b' ii) \bii fell/ 


2 + f 


2zf 

-j^^sinh y' sinh yl -|- cosh yl{ze-'^ + fcr') 




-2 sinh y' cosh yl 
— k sinh yl{ze~y' -|- fei") - 2 zf sinh y' cosh yl 
2k sinh y' sinh yl -|- cosh yl{zi^y' fc'i'') 


sinh yl 
(60 3) 


where k is the charactenstic impedance and y the piopagation 
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constant of the line net unit length, z and f are the character- 
istic impedances, y' is the propagation constant of the four- 
terminal, and 1 18 the distance between four- terminals 

We assume that the four-terminals contain no resistance that 
gives the condition 

leal j ‘ 

h'u, b '21 pure imaginary | ^ 

In a passing band of the four-terminals, 7' = j/3' is pure imaginary, 
and this together ith condition (60 4) tells us that 

z = r* (60 5) 

In a stopping band of the four-terminals 

7' = a' real, z and f puie imaginary (60 6) 

If the foiii-teiminal is reveisible, we know that z and f are equal 
and hence real in the passing bands, a result obtained in Eq (57 7) 
Now the condition for a passing band in the line as a whole is 
giM'n by 


|cos Ii\ — 2 If^ii + ^22] 

= cosh 7' cosh 7/ -f ^ smh 7' sinh 7/' S 1 (60 7) 

Again w e shall find that w e ran di\ icle the passing bands into tw o 
( lasses (1) foiti-Icnuinal bands due to the foui -terminals, and (2) 
dniclurc bands due to the spacing of the four-terminals 

To obtain the four-terminal bands we must consider fre- 
qucnicies in the passing bands of the four-terminal Both y = j$ 
and 7' = jd' must be pure imaginary We set 


z = Zr + j:. 
f = Zr - jz. 


(60 8) 


on using Eq (60 5) z, and z, are the real and imaginarj' parts, 
lespectnelv, of z and f This gi\os on lefernng to Eq (60 7) 


1 A- z ^ -i- z ^ I 

|( OS B\ = 'cos d' t'os dl sr sin d' sin /9/ ^ 1 (60 9) 

I ZhrZr I 

Passing bands will include points for which 

+ Z,= + Z.^ 


2kZr 


= + 1 cos B = cos (d' + dO 10) 
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holds To obtain further results, we must know the character- 
istic impedances of the four-terminal as functions of the fre- 
quency If the four-terminal is reversible, z. = 0, and condition 
(60 10 ) reduces to 

z, = ±Jfc (60 11 ) 

The condition (60 11 ) means that the loaded line has passing 
bands containing all frequencies (in the passing bands of the 
four-terminals) for which the characteristic impedance of the 
four-terminal equals that of the line (no reflection at their junc- 
tion) For frequencies in a stopping band of the four-terminal, 

2 = 3 ^', f = Jf' aiO 12) 


Equation (60 7) becomes 

1 fc- — z't' I 

|cos B\ = Icosh a' cos ffL + , , , , sinh a' sin /3/ S 1 (60 13) 

In general, Eq (60 13) is not satished Howeier, there will be 
a structure passing band around the frequency for which the 
cos B is zero This is given by 


cot ffl = 


z't' - it* 

Hz' + n 


tanh 


(60 1 0 


In connection with this problem it is interesting to note that 
the matnx method greatly simplifies some of the computations 
discussed in Chap ^TII For a reiersible four-terminal, 
Eq (60 7) becomes 

jeosh 7 ' cosh yl "I" 7 ' sinh 7 /| ^ 1 (60 15) 


since z = t This problem corresponds exactly to the one 
discussed in Sec 44, and if we set 

7' = xi^i, yl = XiU I 


k = 


X\, 


z = Xs 


(60 16) 


we obtain Eq (44 12) The direct computation given in Sec 44 
led to a fourth-order determinant that is equivalent to the 
determinant of the matrix in Eq (60 3) The theory developed 
in this chapter thus appears as an important generalization of 
the problem of Sec 44 
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61. Transibon from a Lme of Four -terminals to a Contmuous 
Line 

In the prevnoue sections we dLscussed lines composed of four- 
terminals Each four-terminal was characterized by a matrix 
that produced fimte changes m the current and electromotive 
force We may think of these four-terminals as becoming 
very small so that their matnces produce v'ery small changes 
and in the limit these changes will be zero Thus, if dz is an 
infinitesimal portion of the line, we may take the matrix (6,,) 
to be 


iK) 


/ 1 -f- Cl I dz €]; dz 
\C21 dz 1 -|- €23 dz 


(61 1) 


which diffeis \er\ little from the unit matrix Equation (61 1) 
may be w ritten 

= 1 + q. (gl2) 


where we neglei t terms in dz higher that the first and 



Now the determinant of (b.,) must be equal to one This 
condition is fulfilled to the first ordci in dz by setting 


<ii — — (61 3) 

Since our tiansformation ls now an infinitesimal transforma- 
tion, it follows that 


x'l = hull -I- biiXt = xi -t- dxi = Xi -fi (enXi -|- fuT2)dz 

x'i = hjiXi hjjXj = Xj “b dxj = X2 -|- (€21X1 €22X2)1/2 

227 


(61 4) 
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from which we obtain 


dxi . 

-J- — (llXl + «12l2 

dz 

dx i I 

-j — — *21X1 -r *22X2 

dz 


*22 — —til 


(61 5) 


For the special case of a reversible foui -terminal, fin = 622 or 
*11 = «22 This result combined with Eq (61 3) yields 

«ii = *22 = 0 (61 6) 

An example is given by a telegraphic cable Let the cable ha\ e 
senes resistance, senes self-inductance, shunt conductance, and 
shunt capacity per unit length given by R, L, G, and C, respec- 
tively Then 

dF = (f? -I- i<jL)dzI, dl = {G + i,^C)dzV 
which in the usual notation becomes 


where 


dll dxi 


«U — «22 — 0, 


*12 — R iwL 
til — G -\- iwf 


(61 7) 
(61 8) 


The first of Eqs (618) .shows that the cable is (omposed of 
reversible four-terminals The four-terminals are, of course, 
infinitesimal 

We may obtain equations for the propagation of waies along 
a line composed of nonreversible infinitesimal four-teiminals by 
splitting the weaves up into two simple waies inopagating in 
opposite directions, as before If we let y be the propagation 
constant (attenuation and phase shift) per unit length of the 
line, a single wave propagating in a given direction is represented 
by 


dx 1 
dz 


yxi, 


dx« 

dz 


= 7x2 


(61 9) 


Combining Eq (61 5) with Eq (61 9), we obtain 

(*ji - 7)xi + fiiXi = 0 1 

*21X1 — (7 + «ii)x2 = 0 I 


(61 10) 


The condition that Eq (61 10) be soluble for X) and X2 is that the 
determinant of the coefficients vamsh. The resulting equation 
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7® — «n* — *12*21 = 0 

or 

7 = + + « 12«21 (61 11 ) 

The values of 7 given by Eq (01 11 ) are the proper values of the 
matrix (*„) They are, m general, complex For the case of 
roveisible four-terminals 


7 = ± V" «12*il 

and 

- = A: = — = ± . (61 12) 

Xi 7 Veil 

k IS the characteristic impedance of the line and has the same 
value for the two directions of propagation given by ±7 The 
characteristic impedances in the general case are different 



~b *11 

■Ta ±7 — <11 *21 


(61 13) 


62. Examples of Four-termuial Representation of Continuous 
Lines 

.V line of infinitesimal four-terminals may be used to repre- 
sent certain continuous lines In thcs section we shall discuss 
some paiticular examples of this 

1 A Line u'lth Coefficients Varying Exponentially — In a num- 
ber of practical problems (exponential electnc line, exponential 
horn for a loud speaker, etc ) one has to deal with continuous 
lines whose coefficients vary exponentially with the distance 
There is a close connection between such e.xponential lines 
and our general tj'pe of (*,,) line I.iet us start from the equa- 
tions of Sec 61 and make the following tiansformation 

A'l = Xie-'"\ Xi = Xie’"% Xi = 

A's = Xje’"' (62 1) 

-lu = *i2C“’'‘'‘, -4.1 = 

Then 0111 geneial equations (til 5) yield 

(IX I (dxi \ . „ 

(Iz ~ '■ "'\dz ~ ‘""■7 “ 

dXi .(dxi , \ „ 

~dz = ' \dz + 



(62 2 ) 
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These are the equations of propagation of Xi and Xi along the 
exponential line characterized by An and An 

The solution obtained in Eq (61 9) for a wave ( 11 , 12 ) on the 
(e„) line was 

II = Xl.oC*"", Is = isoc*’" 


i\here y is the propagation constant (61 11 ), hence the solution 
for the exponential line is 

Xi = X,,oe(— Xs = X2oc‘-±i>' (62 3) 

The plus and minus signs before 7 correspond to the t«o direc- 
tions of propagation Thus a finite length of exponential line 
behaves as a finite length of (t) line terminated by a transformer 
of ratio 

As an instance of an exponential line, let us consider an electnc 
line with the following values of L and C jx'r unit length 

L = Loc-*'"', C = Coc*'”' 

whore tn is any real number Calling A'l the voltage amplitude 
and Xj the current amplitude and dropping the common e"', 
we obtain the usual line equations 


dXi 

dz 


luLX 2, 


dX2 

dz 


loiCX, 


s\hich are similar to E(| (G1 7) when li = G = 0 Those 

equations of the exponential line have exactly the same form 
as Eq (62 2) and possess solutions of the typic (62 3) Sub- 
stituting Eq (62 3) in the line equations gives 

( — (11 + 7 )A’^i = iwLXz 

ttdC’Xi = («1, + 7)X2 

which are two simultaneous linear equations whose determinant 
must be zero in order to yield a nontnvial solution, hence 

T* ~ * 11 ^ = tji* — w^LoCq (62 4) 

which 18 exactly the same as Eq (61 11) The interesting point 
here is the frequency dependence The exponential line behaves 
like a high-pass filler with a lower cutoff frequency at uo 
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since 

u < wo, 7* = LoCo(wo* — w*), 7 real attenuation 

w > Wo, 7 * = — LoCo(w® — Wo’), 7 pure imaginary propagation 

This result is familiar to electrical engineers and was given here 
as an example of the general theory The characteristic imped- 
ance of the line vanes exponentially as The phase 

velocity above cutoff is 1 /\/LoCo(I — woV"’) 

2 «n, ti 2 , *21 Arbitrary Functions of z — As in the first example, 
we express Xi and xi in terms of tn 



Xi = Xie*, 

I2 = X2e~‘r 

(62 5) 

where 


*11 dz 

(62 6) 

The coefficients -ti; and .421 become 



A 12 — tiiC 

A 21 — *21?**’ 

(62 7) 

and E(i 

(61 5) yields 

- A. MX,. 

— A2i(z)Ai 

(62 8) 


To obtain a four-terminal corresponding to a fimte length of 
the line, we wnte 


x,(z) = 6.,(z)x,(0) -I- fi.,(z)x-(0) 1 = 1, 2 (62 9) 

Increasing the length of dz yields (from the rule for the multipli- 
cation of matrices to obtain the effectiie four-terminal resulting 
from tw'o four-terminals connected in cascade) 


b{z -|- dz) = b(z)b(dz) = [1 -|- (t)dz]b(z) (62 10) 


on substitution of Eq (61 2) Equation (62 10) may be written 
explicitly 


- + file'll, 

— fiibii -f- 


dbi2 

dz 

(11)22 

dz 


^llbl2 “I" ei2^22 

€21^ 12 "h *22^22 


(62 11) 


Eipiations (62 11) consist of two sets of equations of the type 
(61 5) The four-terminal equivalent to a length z of the line is 
obtained by integrating these equations 



232 


M'AVE PROPAGATION 


[Chap X 


3 A Line with Constant t Coeficients — We have already seen 
that such a hne gives propagation with the propagation constant 
7 of Eq (61 11) and the characteristic impedances ki and of 
Eq (61 13) Then the matrix (b,j) at z = 0 is just the unit 
matrix 

The matrix elements 


ki + /C2 


-k,k2 




bit — 


-1 


A'l + ki 


(pri _ 


(62 12) 


bii = (^ i'”" + kiC-y-) 

n-l I n-2 


satisfy the initial conditions and the relation (61 13) Furthei, 
(6„) has determinant one and, in general, represents a finite 
nonreversible four-terrmnal The matrix (<,j) mav l>e found by 
taking the z derivatives of the matrix (h„) at z = 0 


— k\ 

— 

• k\ki 

~ A, -f A, 

= A, 


- 1 ^ 

A. 

- A. 

‘- = t7+^,27, 

— . 

A i 

+ ki'^ ^ 


(62 13) 


If ki = ki, we have eu = 0, whuli means that the four-terminal 
IS reversible The line will haie zero resistance if 


£ 11 IS real, * 12 £21 pure iinaginarv [62 1-1) 

Equation (62 12) is identical with Eq (55 14) of Chap IX 


63. Application of Hill’s Equation to a Continuous Line 

The most general example of a continuous periodic line is 
given by assuming £ii, eij, and £21 periodic functions of z, with a 
common period L The general wave solution is given by n 
superposition of the two particular solutions (Floiiuet’s theorem) 

a:,(z) = e±T"/i(z) I 
Xi{z) = eiy-fiiz) I 


(63 1) 
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where /i and fz are two penodic function, each with period L 
Equations (63 1) are of the same form as the solutions for 
Mathieu's and Hill's equations, discussed in Chap VIII Hill's 
equation is the appropriate one if we take 



(63 2) 


where F{z) is periodic in z with period L Mathieu’s equation 
is obtained by taking F(z) a sine or cosine function Equation 
(61 5) then becomes 


so that 


dxj 

dz 


CX2, 


dxi 

dz 


If{z)x, 

c 


= F(z)x2 (Hill) (63 3) 


Equation (63 2) implies, evidently, that we are deahng with 
rcvei-sible ciicuits that may, if desired, contain positive and 
negative lesistance, since tn = ejj = 0 but ti 2 is not pure imag- 
iniin Resistances are aioided l)v taking c = i 

We mav reduce more general examples to Hill’s equation 
To do this, we set, as in E^q (62 5) to Eq (62 8) 

V’ = jfi\<lz, 

-I 12 = *12^ 

■ Em = t....--, 

wlieie eii, ei 2 , and tji are assumed periodic with period L m z 
Increasing the length ol the line by L gnes 

<fi{z + L) = <p{z) + I where I = tn dz (63 5) 

where I will be zero only if «ii has an average value of zero 
A 12 and .421 will lie multiplied bv and e^, respectively 
Then Eqs (63 4) become 

dV, _ 1 rfA'A _ 
dz dz\Ai, dz ) 


d.V, 

dz 

d-V. 

dz 


.4,. A' 2 
.1 21 A' I 


(63 4) 


and it we set 


z' = J.4 12 dz 


(63 6) 
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we obtain 

d’‘X, V 

dz'^ .4,2 ‘ 

(63 7) 

Equation (63 7) 

IS Hill’s equation if 



F = ^ ^ 

A 12 *12 

(63 8) 


IS penodic This is the case only if I is zero, i e , only if tu 
has an average of zero This means that we may reduce the 
equations for a periodic line of nonreversible inhnitesimal 
four-terminals to Hill's form only if a section L as a whole 
appears as a reversible four-terminal If this is the case, the 
correspondmg continuous periodic line may be retluced to a 
line of identical reversible four-terminals 


64. Normalization of the Matrix (c„) and the Pauh Matrices 

We have been led m the study of continuous lines to 
introduce matrices of the form 


(*w) = ) 

V2I *22/ \t21 ~tll/ 

The square of the matn\ («„) i-. diagonal 


(64 1) 




\2 _ 

\0 


^ + eii<2i 0 

+ * 




where lt„l is the determinant of (t„) Wc may intioduce a 
normalization factor E{z) so that the square of (t,,) is 1 Assum- 
ing this to be done, we may write 


= 



(e.J 


k! = -1, 



~ <12«2I 


*12 \ 

\/I — 


(64 3) 


If we assume (e,,) to lx* normalized, the factor E{z) will appear 
explicitly m the other equations 


dxi 

dz 

dxt 

dz 


— ■®( 2 )(tiiXi *12X2) 

= E{z){fiiXi — (iiXt) 


(64 4) 
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If we let X represent a column matnx, with elements Xi and ij, we 
may write Eq (64 4) symbolically as follows. 

g = E(2 )(Ox (64 5) 


From Eq (64 3) it follows that 

(«.j)’ = 1. («.j) = («•>)“* 

Hence Eq (64 5) becomes 


or 


1 f s dx 

El^) di~ ^ 


1 / dll 

E(z) V“ 

1 / dll 

E{z} V‘‘ d2 


) 

dxi\ 
~ dz) 


dxi 
' dz 



(64 6) 

(64 7) 


(64 8) 


From F]q (64 7) it follows that we may mite the operator 
equation 

\ = 1 (64 9 ) 


Hue now assume E and the t„ to be constant and not to depend 
upon z, the matrix ojierator (*,J and the differential operator 
d/'dz liecome independent and hence commute on squaring 
Eq (64 9) 


Then 





1 ^ 
if"- dz^ 


(64 10) 


(64 11) 


which IS the usual u ave equation after the time-dependent part 
of the solution has been separated out We assume Xi and xj 
both periodic in t with the same frequency u 

We may now generaitzc to the three-dimensional wane equation 
We take the three space variables to be Zi, Zj, and z* and mtro- 
duce the three constant matrices (t)i, (t)i, and (*)j and a con- 
stant E such that 


2 «■ s 


(64 12) 
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The operator equation analogous to Eq (64 9) is 



and squanng yields 



provided that 


(64 13) 


(<).* = + (<)i(t). = 0, r fc (64 11) 


The first set of conditions i.s analogous to the normalization 
condition (64 3) for one dimension The second set requires 
that the matnces anticommute Three solutions satisfy Eq 
(64 14) and are the Pauli matrices 


(0i = 





(64 15) 


It can be shonn that any other set of solutions is reducible to 
a linear combination of the solutions (64 15) 

The Pauli matrices are Hermitian symmetrical, a type that 
we encounter for the first time in this discussion The fir&l two 
matrices are reversible, and the third is not This corresponds 
to the fact in the Pauli theory of electron spin that these matrices 
refer to the magnetic moment of an electron having its spin 
directed along the Zj axis, a special feature that mtroduces an 
asymmetry along the 23 axis 

The method that we have employed ls based on Dirac’s 
method for the linearization of the relativistn wave equation 
of the electron Dirac’s pioblem involves four-rowed matrices 
instead of the tw'o-rowed matrices that we have so far encount- 
ered In the next section we discuss a problem closely connected 
with Dirac’s 


66. Three-phase and Polyphase Lines 

Matrices with more than two rows occur in polyphase lines 
For instance, a six-terminal inserted in a three-phase line, as in 
Fig 65 1, will have four variables at the entrance and an equal 
number at the exit We let 
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Xi = V 

X'l = v' 



X2 = 1 
X2=V 

x'i = l' 
x'a = F 

(65 1) 


Xi = I 

X'4 = /' 



where the variables are as in Fig 65 1 Then the matrix for 
the Bix-termmal will have four rows and four columns The 
elements will be defined by 

x\ = 2) 

k 

It 18 a general rule that a 4/i-terminal in (n + 1) parallel lines 
will require a matrix with 2n rows and 2n columns 



Fio 65 2 


The determinant of the matrix (6„) for the six-terminal is 
no longer unity as for the four-terminal There are six con- 
ditions lesulting from the circuit tlieorv, and their form is 
ijuite different and leads to consequence* different from the 
four-terminal 

The diagonal form of the matrix (5„) corresponds to the super- 
position of two simple iiaves traveling m opposite directions 
for the four-terminal The same general statement is true 
for the six-terminal except that theie will lie four simple waves 
to be superposed instead of tw'o It does not appeal possible, in 
general, to obtain a simple relation among these four waves 
We shall consider a particular type of six-temunal, built 
up out of two four-terminals as in Fig 65 2 Then we may 
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write Eq (65 2) in terms of the matrices of the component 
four-terminals 

x'\ = + qitXi x'i = VwXi piiJi 

x'i = q-tiXi -t- 9 j 5 Xj x't = P21X3 -I- P22X1 

so that the matrix for the siv terminal is 



(fc.,) 


( 9u 9 i 2 0 ^ \ 

q^i ^22 0 ® I 

0 0 pii P12 I 

0 0 P21 PiiJ 


(65 4) 


Another matnx may be obtained for the six-termmal by making 
the connections as m Fig 65 3 


(h.) 


/O 0 pii p,2\ 

/o 0 P 21 P 22 \ 

1 9ii 9 i2 0 ® / 

\y2i V22 0 ® / 


(65 5) 


If we let the four-terminals making up the six-terminal become 
infinitesimal, ne have 


( Pii P 22 
iP 2 i P 22 


/l+ir, 

.) dz 

All 

\921 


dz iri2 dz \ 

1 -b »'22 dz j 

Xiidz xiidz > 

? 22 / \X21dz 1 + X22 dz , 


(65 6) 


so that Eq (65 4) becomes 


('>J = 


a 0 0 0 
0100 
0010 
,0001 


/Xn Xi2 0 


"’ll iri2 
X21 ir22 


(65 7) 
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The four-tennmals (and hence the six-tenmnal) will be reversible 
if 


Xii = Til = Xm = t22 = 0 (65 8 ) 


We may .use the expansion (65 7) m Eq (65 2) to obtain four 
linear differential equations of the first order for Xi, Xi, x^, and 
These four equations are of the same form as the Dirac equations 
for the relativistic electron provided we make the generalization 
to three dimensions A set of four-rowed matrices mil occur 
in the theory There are four possible independent choices 
for these matrices, and all these matnces are made up of the 
Pauli matncesi All the matnces are Hermitian and have the 
following diagonal form 

lyi 0 0 

/O 7, 0 

0 0 7i 

— 71 0 

0 —72 

0 0 

\ 


0 

0 

■7s 


(65 9) 


In other vords, for each wave mth propagation constant 7 ,, 
there is a wave with propagation constant — y, These two 
waves will propagate in opposite senses * 

‘ Bbillouiv, L , J phys , 7, 401 (1936) 
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